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Introduction 
In algebraic К-theory one defines abelian groups K
n
(R) and К
П
(Я;/) where 
Л is a ring, ƒ is a two-sided ideal of R and η is a non-negative integer. The 
groups K
n
(A) are called absolute K-groups and the groups Kn(fí; / ) are called 
relative K-groups. For a pair (R, I) one has a long exact sequence (see section 
1.2) connecting the groups К„(Д), К„(Я; I) and К
П
(Д//). Our main objective 
is the study of the groups K2(72) and K2(A; /). 
We will mostly specialize to rings of type Os- See section 1.1 for a definition 
of Os- In [15] (see also [28]) Keune derives an exact sequence 
0 μη ®Ce(Os) K2(Os)/n • © μη μη О 
P€5\5c 
for special sets 5. This sequence enables us to calculate non-trivial elements in 
K2(Os). 
An important role in this thesis is played by the map ϊ:μ
η
 <g> Ci(Os) —• 
K2(Os)/n· Since there is an isomorphism (see section 1.3) 
the map i is in fact a map from Ko(Os) to K2(0s)/n. We will generalize this 
idea of mapping KQ to Кг by defining a map from Ko(R) to K2(A)/n for all 
rings R (commutative, with identity) satisfying the condition „8Κι(Α) = 0 (for 
a definition of SKi(72) see section 1.4). Specializing to rings of type Os this 
new map is at first sight different from the map t since both maps are defined in 
completely different ways. However, a closer study will show that they coincide. 
Our next step will be to extend the previous to relative K-groups. Now we 
will define a map from Ко(Л; /) to К2(Л; I)/η for all pairs (Я, /) satisfying the 
conditions п8Кі(Я) = 0 and ,,8Κι(Λ; I) = 0. To define this map we use the 
map in the absolute case for the rings R and R(I) (for a definition of R(I) see 
section 1.2). We also define a map μ„ ® Cic(Os) —• K2(ös; c)/n and again we 
will see that this map coincides with the previous map for (Я, I) = (Os, c). 
Meanwhile we will use the various maps to derive some results on K2(Os) 
and Kifâs; с). In particular we will use the map in the absolute case to prove 
two theorems on the generation of part of K2(ös) by Dennis-Stein symbols, 
elements of a special kind, and to compute non-trivial elements in K2(0s)· The 
map in the relative case will be used to compare K2((?s;c)/n with K2(C?s)/n. 
In this thesis various examples will be computed and for some number fields 
F we will give generators for K2(CV) where Op is the ring of algebraic integers 
o fF . 
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In chapter 1 we will give an exposition of some definitions and facte from 
algebraic K-theory. It is certainly not a complete overview of K-theory, only 
facto needed in this thesis are included. For proofs we refer to other authors if 
possible. Also some general calculations which will be needed in this thesis are 
included in this chapter. 
In chapter 2 we will study the absolute case. We will define a map 
Л:/ і
п
(А)®Ко(Я)-К 2 (Д)/п 
in general, which will also be used in the relative case. Then we specialize to 
rings of type Os- In this chapter we will assume that Os contains a primitive 
n
t h
 root of unity. We define a map 
ί:μ
η
®α(05)-*Κ2(08)/η 
and we will prove that h and i coincide. 
Next we will use the map t to prove a theorem on the generation of part of 
KaíOí) by Dennis-Stein symbols. For this we need many units in Os- We will 
give some applications of this theorem and also do some calculations. Finally 
we will show how to use the map h to find non-trivial elements in ^ ( O s ) , even 
when Os does not contain many units. 
In chapter 3 we continue the study of the absolute case for rings of type 
Os, but now we assume that Os does not contain a primitive nth root of unity. 
We will adjoin a primitive nth root of unity, so that we are in the situation of 
chapter 2, and then go back to the original situation via the transfer map. In 
this way we get a map 
j:/ in®kerJV^K2(<3s)/n, 
where N denotes the norm map on ideal class groups. We study this map and 
will give another description of it, not involving the transfer map. 
This map will then be used to prove a theorem on the generation of part 
of 1(2(05) by Dennis-Stein symbols in this situation. Again we need for this 
many units in Os and we will give some applications and do some calculations. 
Next we will combine the results so far and prove for many number fields F that 
Κ-Ί(ΟΡ) is generated by Dennis-Stein symbols. For some real quadratic number 
fields F we will give a list of generators for K2(Of·). Then we will show, in the 
last section, how the map j can be used to find non-trivial elements in 1(2(05), 
even when 0$ does not contain many units. 
In chapter 4 we will start the study of the relative case. We will use the 
general map in the absolute case to define a map 
Λ: μ
η
(R) ® Ко(Д; J) - К2(Д; 7)/n. 
viii 
Again we specialize to rings of type Os containing a primitive n t h root of unity. 
We define a map 
«:^n®i3f,(O
s
)-Ka(05;c)/n 
and again we will show that h and i coincide. 
In chapter 5 we continue the study of the relative case and we will do this 
by comparison with the absolute case. We will give a description of the kernel 
of the map 
Кз(Д;т)/п —Ка(Д)/п 
for a local domain R with maximal ideal m. This will then be used to compare 
K2(C?s;c)/nandK2(C?5)/n. 
The following conventions and notations will be used. 
• By the word ring we will mean a commutative ring with a multiplicative 
identity 1. For a ring R the group of units will be denoted by R*. 
• For a group G we will denote the set of η-torsion elements by
 n
G. For an 
element g of G, the subgroup of G generated by g is denoted by {g). The 
trivial group is denoted by 0. 
• For an abelian group A we will denote the quotient group A/nA by A/n. 
The class of an element a G A in A/n is denoted by 5. 
• For a finite abelian group A and a prime number ρ we will denote the 
p-primary part of A by A(p). 
• By N we will denote the set of non-negative integers and by N* we will 
denote the set of positive integers. 
• By I
m
 we will denote the m χ m identity matrix. 
• By ρ we will denote the complex number e 2 "/ 3 . 
ix 

Chapter 1 
Algebraic K-theory: 
definitions and facts 
In this chapter we will give the relevant definitions and facts from algebraic 
K-theory. In the following chapters we will refer to this chapter when necessary. 
For more on algebraic K-theory one can consult for example [19] or [23]. Facts 
for which there is no other reference given can all be found in these books. 
1.1 Algebraic number theory 
Since in this thesis we will mostly specialize to subrings of number fields which 
are studied in algebraic number theory we will first give some relevant facts 
from this theory. More on algebraic number theory can be found in for example 
[11] and [16]. 
Let F be an (algebraic) number field. 
1.1.1 Definition. For a finite set S of primes of F containing the infinite 
primes we define 
Os = {a G F I vp(a) > 0 for all ρ $ S). 
If S only contains the infinite primes of F, Os is equal to the set of algebraic 
integers in F which we will denote by Op-
1.1.2 From now on, if 5 is a set of primes of a number field F, it is always 
implied that 5 is finite and contains the infinite primes of F. О s is called 
totally imaginary if 5 is equal to the set of complex primes of F, i.e. if F is 
totally imaginary and OS=OF· 
Os is a Dedekind domain and the prime ideals of Os correspond to the 
primes of F outside S. For a prime p of F outside S we will consider ρ also as 
1 
a prime ideal of 0 s and vice versa. When we say that a prime p does or does 
not divide an ideal с of 0$ it is implied that ρ £ S. 
1.1.3 The ideal class group of О s can be defined by the exact sequence 
F * I(O
s
) • Ct(O
s
) 0, 
where 1(05) denotes the group of fractional ideals of О s and F* —• I(Os) is 
defined by о »-• aOs-
1.2 Algebraic K-theory: general 
In this section we will give some general facts from algebraic K-theory. In the 
following sections we will be more specific about some K-groups and some maps. 
1.2.1 In algebraic K-theory one defines abelian groups К
П
(Д) where η is a non-
negative integer and Л is a ring. In fact the Kn are functors from the category of 
rings to the category of abelian groups. One can even extend these functors to 
the category of ideals. The category of ideals has as objects pairs (R, I) where 
β is a ring and I an ideal of R. A motphism from (R, I) to (5, J) is a ring 
homomorphism from Rio S which maps I to J. For I = R one has a natural 
isomorphism K
n
(R; R) -^ К
П
(Д), so one has truly an extension of functors. The 
groups K
n
(A) are called absolute K-groups and the groups К
П
(Л; /) are called 
relative K-groups. 
1.2.2 T h e o r e m . For each pair (R, I) ihere ts a natural long exact sequence 
- K
n
(R; I) -~ K
n
(R) -» K
n
(R/I) - Κ,,.,ίΑ; ƒ) • Ко(Я//), (1.1) 
«Aere K„(R) —• K„(R/I) ts induced by the projection R —^ R/I. 
Proof. See for example [12, 14.13]. · 
1.2.3 Another kind of relative K-groups is defined by Stein[24]. This rela-
tivization also works for arbitrary functors F from the category of rings to the 
category of abelian groups. We denote this (Stein-)relativization of F by F*. 
The construction of F* is as follows. Let Л be a ring and I an ideal of 72. By 
R{I) we will denote the subring of R χ R consisting of pairs (r\, Γ2) such that 
Γι = Γ2 (mod I). We have two ring homomorphisms рьрг : R(I) —* R defined 
by Pi(r i ,r j) = π and pain, rj) = Γ2. Now define 
F'(fi;7) = ker(F(Ä(7)) Σ* F{R)). 
Notice that we then have a split exact sequence 
0 • F'(f i ; 1) * F(B(I)) • F{R) 0. (1.2) 
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1.2.4 It turns out that Ко(Я; I) and K¿(A; I) as well as Кі(Я; ƒ) and K\(R·, I) 
are naturally isomorphic. So we have split exact sequences 
0 Ко(Я; I) Ко(Я(/)) Ко(Я) 0 (1.3) 
and 
О • K^R;!) • Кі(Д(/)) • Κι (Л) 0. (1.4) 
1.2.5 Since R(I) —• Я(/)/(0 χ I) 2 Я splits, it follows from exact sequence 1.1 
that 
K
n
(R(I);0 x I) Si кег(К
п
(Я(/)) - К
п
(Я(/)/(0 χ /))) 
= кег(К
п
(Я(/)) î i К„(Я)) 
= К;(Д;0. 
From [13, Th 14] we now get, by taking α = 0 χ I and b = I χ 0, a surjective 
homomorphism 
p: К'2(Я; I) S K2(R(I); O x / ) - К 2 (Я(/)/(/ χ 0); (/ χ ƒ)/(/ χ 0)) SS К 2 (Я; /) . 
Another general fact from algebraic K-theory is the following: 
1.2.6 T h e o r e m . For α Dedektnd domain Я there is a long exact sequence 
~®K
n
(R/p)~K
n
(R)~K
n
(F)~®K
n
-l(R/p) Ko(F)~0, (1.5) 
ρ ρ 
wAere F is the quotient field of R, the direct sum is taken over all prime ideals 
ρ of Я and К
П
(Я) —• K„(F) te induced by the inclusion Я С F. 
Proof. See for example [22, Cor. to Th 5]. · 
In the following sections we will give more explicit definitions of the K-groups 
KQ, Κι and Кг- Also we will give more explicit descriptions of some maps 
mentioned in this section. 
1.3 Facts about KQ 
In this section we will describe KQ and related groups. 
1.3.1 Definition. The group Ко(Я) is defined by generators and relations as 
follows: 
generators: isomorphism classes [P] of finitely generated projective Я-
modules P. 
relations: [P] + [Q] = [P®Q]. 
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For a ring homomorphism ƒ : R —* S we have a group homomorphism 
/ : К о ( Д ) - К о ( 5 ) 
defined by f([P]) = [S®/P]. 
If Л is a field each finitely generated projective Я-module is a finite dimensional 
Д-vector space. 
1.3.2 Proposition. If R is a field, then we have an isomorphism 
Ко(Я) ^ Ζ 
defined 6y [P] ·-• d i n ^ P ) . 
Since R itself is a finitely generated projective Д-module we have a subgroup 
([R]) of Ко(Я) generated by [R]. 
1.3.3 Definition. The projective class group Ko(R) is defined by 
К^(Я) = Ко(Я)/ ([Я]). 
If Я is a Dedekind domain, then each finitely generated projective Я-moduIe is 
isomorphic to a direct sum of ideals of Я. 
1.3.4 T h e o r e m . If R is a Dedekind domain, then we have an isomorphism of 
Aut(R)-modules 
Ko(R)^l®a(R) 
defined by [αχ φ · · · φ o„] ·-* (η, [щ · · · α«]). 
Proof. See for example [19, 1.11]. · 
1.3.5 Corollary. If R is a Dedekind domain, then we have an isomorphism of 
Aut(R)-modules 
a(R) ·=• к;(я) 
defined by [a] ·-• [a]. 
1.3.6 Proposition. Let R be a Dedekind domain, F its quotient field, L a finite 
separable extension of К and S the integral closure of R in L. If S considered 
as an R-module is free of rank n, then we have a commuting diagram 
Ko(S) - ^ » Z ® f f ( 5 ) 
tr ηφΝ (1.6) 
Ко(я)^*2фсе(Я) 
where tr denotes the transfer map and N denotes the norm map. 
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Proof. The proof involves yet another, but equivalent, definition of Ko(A) for 
a Dedekind domain R. We omit the proof for the sake of briefness. · 
1.3.7 If p is a prime ideal of R we have a ring homomorphism R —* F where F 
is the quotient field of R/p. From this we get a homomorphism 
p - r k : K o ( f l ) - K o ( F ) ^ Z . 
If Я is an integral domain, then pi-rk = рз-гк for all prime ideals pi and рз of 
R. If Л is a ring such that pi-rk = Рз-гк for all prime ideals pi and pj of R, then 
we will say that rank "is defined" and define for a finitely generated projective 
Д-module P, T\L(P) = р-гк([Я]) for a prime ideal p of R. 
1.4 Facts about Ki 
In this section we will describe Ki and related groups. 
1.4.1 By GL
n
(R) we will denote the set of all invertible η χ η matrices over R 
and we inject GL
n
(R) into GL
n+i(R) by 
By GL(R) we will denote the direct limit YimGLn(R)· 
For 1 < i,j < n, i φ j we will denote by e, i ;(r) 6 GLn(R) the elementary 
matrix which coincides with the identity matrix except for the entry (»', j) which 
equals r. By Е
П
(Д) we will denote the subgroup of GL
n
(R) generated by all 
elementary matrices and by Е(Д) we will denote the direct limit 1ітЕ„(Л). 
It is a well known fact that Е(Д) С GL(R) coincides with the commutator 
subgroup of GL(Ä). 
1.4.2 Definition. The group Кі(Д) is defined by 
К^Д) = СЦД)/Е(Д). 
1.4.3 For a finitely generated projective Д-module Ρ we have a homomorphism 
AutR(P) - К ^ Д ) , 
where Аиід(Р) denotes the group of Д-automorphisms of P. It is defined by 
choosing a finitely generated projective Д-module Q such that P®Q is free and 
choosing a basis of Ρ φ Q over Д. An element α € Αιιίη(Ρ) is then mapped to 
5 
the class of the matrix of αφ IQ on this basis (see [19, 3.2]). If ƒ: Я —» 5 is a 
ring homomorphism we have a commuting diagram 
А и І
л
( Р ) 
ƒ 
МЯ) 
f (1.7) 
A\it
s
(S®jP) • Κι(5) 
1.4.4 We can use the determinant map to define a homomorphism 
det:Ki(JZ)-» R'. 
If ƒ : R —* S is a ring homomorphism we have a commuting diagram 
К,(Я) Ä Я* 
Κι(5) Ä 5* 
(1.8) 
1.4.5 Theorem. If R ia α field, then det:Ki(ß) —* Я* is in fact an isomor­
phism. 
Proof. Easy. · 
1.4.6 If we denote by 5Ь
П
(Я) the subgroup of СЬ
П
(Я) of matrices with deter­
minant 1 and by SL(R) the direct limit limSL„(fi) we have that 8Ь(Я)/Е(Я) = 
ker(det). We will denote 8ЦЯ)/Е(Я) Ьу*8Кі(Я). 
1.4.7 Theorem. If F is a nvmber field and S a set of primea of F, then 
SKi(Os) = 0. 
Proof. See for example [2, 4.3]. · 
1.4.8 Theorem. If R is α semi-local ring, then 8Кі(Я) = 0. 
Proof. See for example [23, pi 14]. · 
1.4.9 Now let I be an ideal of Я. We define 8Ь„(Я; /) by 
8 М Я ; I) = ker(SL
n
(fl) - Sl
n
(R/I)) 
and Е
П
(Я; 7) as the normal subgroup of Е
П
(Я) generated by the elementary 
matrices whose non-zero off-diagonal element belongs to I. Again let 8 Ц Я ; I) 
denote the direct limit 1іт8Ь„(Я;/) and Е(Я;/) the direct limit 1 ітЕ
п
(Я;/) . 
Е(Я;7) is a normal subgroup of SL(R;I) and we will denote the quotient 
8 Ц Я ; /)/Е(Я; /) by 8Кі(Я;/) . Then by [19, 4.2] we have Е(Я; /) S Е*(Я;/) 
andSKi(fl ; / ) i5iSKÎ(fi ; / ) . 
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1.4.10 Theorem. Let F be a number field, S a set of primes of F and с an 
ideal ofOs· Assume that if Os is totally imaginary and m is the number of 
roots of unity in Os then c + mOs = Os- Then SKi(Os; c) = 0. 
Proof. See[2, 4.3]. · 
1.4.11 T h e o r e m . If I is a radical ideal of R, i.e. l+I С Я*, <Асп8Кі(Д;/) = 
0. 
Proof. Easy. · 
1.5 Facts about K2 
In this section we will describe K2 and related groups. 
1.5.1 Definition. The group St
n
(R) is defined by generators and relations as 
follows: 
generators: a;»,j(r) for 1 < i,j < n, i φ j and г G R-
relations: · Xi,j(ri)xij(r2) = ц¿(η + г 2 ) . 
• [*ІАГІ)>ХІЛГ2)] = *«,і(гіГ2) for i Φ I. 
• [*ij(ri),**,j(»"a)] = ι f o r J Фк1*Ф ι· 
By St(iZ) we will denote the direct limit limSt
n
(iZ). 
1.5.2 We can define a surjective homomorphism 
¿ : 8 і
п
( Я ) ^ Е
п
( Я ) 
by ^(ii, j(r)) = c¡ j ( r ) . Passing to the direct limit we get a surjective homomor-
phism 
¿:St(A)-»E(A). 
1.5.3 Definition. The group K2(ñ) is defined by 
К 2(Я) = ker(St(Ä) Л Е(Я)). 
К2(Я) coincides with the center of St(R) (see for example [19, 5.1]) so it is an 
abelian group. 
1.5.4 Let ir be a permutation of {1,.. .,n} and extend τ to N* by τ φ ) = i for 
i > η. Then τ induces homomorphisms 
г: Е(Д)-» E(A) 
and 
іг:8і(Я) — St{R) 
such that the following diagram commutes 
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St(fi) - ¿ * Е(Д) 
St(Ä) -£~ Е(Я) 
Неге x(xij(r)) = *»(»).»0')(Γ)· ^ 0 π >n(Iucee a map on К2(Д). For * € Si(R) 
there is w G St (Л) such that τ(«) = wsw'1 (see [19, 9.4]). Since K^R) is the 
center of St (Я) it follows that the map on Кз(Л) is the identity map. 
1.5.5 If Л is a eubring of 5 and S considered as an Л-module is free of rank η 
choose an Α-basis of 5™. A matrix A € GLm(5) gives rise to an 5-linear map 
on ST" and thus to an Я-linear map on S™. The matrix of this map on the 
chosen basis is an element of GL
mn
(R). In this way we get a homomorphism 
GL(5) —• GL(ñ) which induces a homomorphism 6: E(5) —• Е(Я). The map 
6 induces a map 6 ,:St(5) —• St(R) which in its turn induces a map K2(5) —» 
Kj(fi) which is the transfer map (see[19]). We thus have a commuting diagram 
0 K2(5) • St(5) • E(5) 
1 1 1 
0 — - K 2 
tr 
(Я) — St( 
6' 
Я) — E ( 
6 
1 
R) 
0 
Now we will define some special elements in St(R) and К2(Я) and give some 
relations between them. 
1.5.6 For u, ν G Я* and ι / j we define 
«»iji«) = XijMzj^-U-^Xijiu), 
hijiu) = wij(v)wij(-l), 
{u,f}¿¿ = hij(uv)hij(u) 1hij(v) l. 
Then {ti,i>}i¿ = [/»·,*(«), Α,,;·(υ)] 6 К2(Я) is independent of i and j and we will 
write {u, ν} for this element, {u, v} is called a Steinberg symbol. 
For a, 6 G Я such that 1 - a6 G Я* we define 
Then (o.òjj · G К2(Я) is independent oft and j and we will write (a, 6) for this 
element, (a, 6) is called a Dennis-Stein symbol. 
Some relations between these elements which will be used in the sequel are: 
8 
«"IJ (ti) = Wjít(-U l), 
Α,α(1) = 1, 
л.»
-1
 = M«), 
Л*^(«)Л.,*(«) = A,j(ti), 
М-і)Ам(-і) = 
{«.vu;} = 
(«,«} = 
{ « , 1 - u } = 
{«,-«} = 
(a, 6) = 
M) M = 
(0,6c) = 
(a, b) = 
t<iv}A,ijfc(v)/ilj(u) if t , j and fc are different, 
—1,—IjAj^í—IJfcj./í—1) if i , j , ¿ and / are different, 
u,v}{u,w}, 
6, α ) " 1 , 
0,6 + с — обе), 
об, с) (ос, 6) , 
а, 1-аб} і Г а е Я * . 
For a description of iütj(u)zi¡j(r)w,j(u)~l see for example [19, 9 4]. 
The following propositions will be needed in the following chapters. 
1.5.7 Proposition. For u, ν G Я* we have 
Proof. For m = 3 the proposition follows from the defínition of the symbol 
{u, v]. For m > 3 use 
[Λ.ι,.»(")Λ,(.:,(«>)/>,ι,„(ι;) · Λ,, ,„._,(«)] 
= С
1
«.,.»("). ftii,i»(w)]Äi.,n(w)[Äi.,i«(«). *·.,·.(") · · · Л,,,.,-, (f )]/»„,„(«) 1 
= №i,i.(u),Ai, l. a(v)][A. l l..(u)>A, l | l,(v) *.„,__,(«)], 
since [Л,
І і І т
(и), Λ,,,υίν) · · · Λ,,,,,.,, (υ)] G К2(Я) is central in St(R) · 
1.5.8 Proposition. For и G Я* we Аа е 
(*....»(«)*.....(«) •••л.1,.т(и)г 
= Λ,,,,,ΚίΛ,,,,,Κ). ^„„.κκί-ι,«}»^-1)/»)^·»-»)/». 
Proof. For m = 2 we have 
= Λ,,,,,Κ)^,«''-1}^,«"-2}.. {«,«} 
= Α,,,,,^ίΗ,Η}"«"-1)/» 
= Α.,,.,Κίί-Ι,«}"^-1)/'. 
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For m > 2 use 
( Л И , » Л Й , . , ( « ) •л.-..<-Ы)п 
= (*<„<,(«)••·*.,.*.-, («))"л*,>.(«)-· 
= [/».,,-(«). A Í . A Í « ) • · •Aíbí . - . í«)]"^-0 7 ' , 
since [Ai1>i1.(«),Aíllia(ii)---Ajbjm_1(u)] € Kj(Ä) is central inSt (ß) . The propo-
sition now follows from 1.5.7 and an inductive argument. · 
1.5.9 Proposition. 
Ai.ro+ií—líAa.m+aí-l) · • • Ат,2т(—1) 
= Äi .a i - l iÄs. i i - l ) · · · A2m-i,2m(-l){-l , - l } ^ " · - 1 ) / 2 . 
Proof. Just use the relations 
Ам(-і)Ч<(-і) = л..*(-і)М-і){-і. -i} 
and 
Л-і) = М-і){-і,-і} 
several times. · 
1.5.10 Proposition. K2(Z) ts cyclic of order 2, generated by {—1,-1}. 
Proof. See [19, 10.2]. · 
1.5.11 Propos i t ion. K2(Z[/>]) = 0 and К г ^ і ] ) = 0. 
Proof. See [27] · 
1.5.12 Definition. The abelian group S(R) is defined by generators and rela­
tions as follows: 
generators: {a, 6} for a, 6 € R*. 
relations: SI) {a,b} = {δ ,α} - 1 . 
52) {a,6c} = {a)6}{a,C}. 
53) {a, 1 - a} = 1. 
1.5.13 It follows that we have a homomorphism 
S(Ä) - К2(Я) 
defined by {a, 6} •-» {a, b}. 
1.5.14 T h e o r e m . If R is a field, then the homomorphism S (Я) —» Кг (Я) is in 
fact an isomorphism. 
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Proof. See for example [19, 11.1]. · 
1.5.15 Theorem. If R is a finite field, then K2(R) = 0. 
Proof. See for example [19, 9.9]. · 
1.5.16 Definition. For an integral domain R the abelian group C'(ñ) is defined 
by generators and relatione as follows: 
generators: {a, 6} for a, b G R such that ab φ 0, a |( l - 6) and 6|(1 — a). 
relatione: CI) {α,6} = {δ,α} - 1 . 
C2) {a,6C}={a )6}{a,c}. 
C3) { a , l - a } = l. 
1.5.17 Some relations which follow from CI to C3 are 
C4) { α , 1 } = 1 . 
C5) {a,-a} = 1 if a G Я ' . 
1.5.18 Proposition. For a,b 6 R svch that ab φ 0, a |( l — 6), 6|(1 — a) and 
αφ I we have in C'(R) 
{a,b}={^,
a
}. 
Proof. See [14, Lemma 1]. · 
1.5.19 We have a homomorphism 
С'(Я) -» К2(Я) 
which maps < γ 5 ^ , α \ for α, 6 G Я such that α φ 0,1 and 1 - ab € Я* to (a, 6) 
(see [14]). 
1.5.20 T h e o r e m . If Я is a local domain, then the homomorphism C'(R) —» 
К2(Я) is in fact an isomorphism. 
Proof. See [14, 3.4]. · 
1.5.21 Definition. For a ring Я and an ideal I of Я the abelian group 0(Я; /) 
is defined by generators and relations as follows: 
generators: (a, 6) for (a, 6) E (Я χ ƒ) U (/ x Я) such that 1 - об € Я*. 
relations: Dl) (α,6) = (б.а)" 1 . 
D2) (а, Ь) (а, с) = (а, 6 + с - абс). 
D3) (а, 6с) = (аб, с) (ас, b) (if а, 6 or с G /)· 
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1.5.22 Some relations which easily follow from Dl to D3 and will be used later 
are: 
02') (b, a) (c, a) = (6 + с - abc, a). 
ВЗ') (oc, о) = (6, ca) (с, 6a) (if a, Ь or с € I). 
D4) (a, 1) = 1. 
D4') (l,a) = l. 
D5) (a,0) = 1. 
DS') (0,a) = l. 
D6) (a,b)-l = (a,1Eb). 
Об') М Г 1 ^ ^ , * ) -
D7) <a,6 + c) = ( a , 6 ) ( a > T ^ ) . 
D7') (6+c,a) = ( 6 , a ) ( T ^ > a ) , 
D8) (a,6)" = ( a , 1 - * 1 ; " ) ' ) if a € R'. 
D8') (a, ò)n = ( ^ ^*. b)ifbeR\ 
D9) (aI6',) = ( a 6 n - 1 , 6 ) n i f a e / . 
09') (an,6) = ( a ^ ' ' - ^ ) " if 6 € /. 
Notice that D8 and D8' hold for η € Ζ, that D9 holds for τ» € Ζ if Ь € R* and 
that D9' holds for η e Ζ if α G R*. If Л is an integral domain the restrictions 
a € R* and 6 € R* can be ignored in D8 and DS'. 
1.5.23 Theorem. If I is a radical ¡deal of R, then there is an isomorphism 
O(R;I)^K2{R;I) 
which sends (a, b) to p(((0, a), (6,6))) forael and b £ R. 
Proof. See [13, Th 15]. · 
Combining the previous isomorphisms we get: 
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1.5.24 Proposition. Let R be a local domain and m its maximal ideal. Then 
the following diagram commutes 
0 ( Я ; т ) - £ ~ С ' ( Я ) 
(1.9) 
К 2 ( Д ; т ) ~K2(R) 
where ψ is defined by 
Proof. It is easy to see that V is well defined. Commutativity is proved by 
direct computation. • 
1.6 Description of some maps 
In this section we will take a closer look at some maps in the exact sequences 
1.1 and 1.5. 
First we will take a look at exact sequence 1.5. 
1.6.1 Lemma. JfC£(R) = 0, then Ко(Я) —* Ko(F) is an tsomorphism. 
Proof. This follows from 1.3.2 and 1.3.4. · 
1.6.2 Notice that by 1.3.2 we have that Ко(Я/р) = Ζ and К 0(Я/р) is generated 
by [R/p]. The map Ко(Я/р) — Ко(Я) is defined by [Я/р] ·-» [ρ] - [Я]. 
1.6.3 By 1.4.5 we have that Ki(F) Si F* and the map Ki(F) — Ко(Я/р) is 
defined by α »-• vp(a). 
1.6.4 Lemma. IfSKi(R) = 0, then Кі(Я) -ν Κι (F) i's tnjecUve. 
Proof. This follows from the fact that det: Кі(Я) —» Я* is an isomorphism and 
1.4.5. · 
1.6.5 By 1.4.5 we have that Кі(Я/р) S (Я/р)* Э (Яр/рЯр)* where Яр = {α e 
F J Vp(a) > 0}. The т а р К 2 ( Л — Κι (Я/р) is defined by the so called tame 
map Γρ. For a.ßeF* we have Γρ({α,/?}) = (-l)v>Mv»(.ß)ß^,(o)/av^). 
1.6.6 Proposition. IfSKi(R) = 0 and for all maximal ideals ρ of R we have 
that R/p is finite, then we have an exact sequence 
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О . K2(Ä) * K2(F) Ш еК^Д/р) • 0. 
ρ 
Proof. This follows from exact sequence 1.5, 1.5.15 and 1.6.4. · 
1.6.7 Corollary. If F ia a number field and S ia a set of primea of F, then we 
have an exact sequence 
0 . K 2 ( O S ) • K2(F) Μ φ * ; 0, (1.10) 
where kp denotea the residue class field Os/p-
Proof. This follows from 1.4.7 and the preceding proposition. · 
1.6.8 P r o p o s i t i o n . If F is a number field and S is a set of primes of F, then 
K 2 (Os) »s a finite group. 
Proof. See [6]. · 
Now we take a closer look at exact sequence 1.1. 
1.6.9 Notice that from exact sequence 1.3 it follows that Ko(A; 7) is a subgroup 
of Ко(Л(/)). The map Ко(Я; I) — Ко(Я(/)) is induced by the map Ко(Д(/)) ^ 
Ко(Д). 
1.6.10 For finitely generated projective ñ-modules Pi and P2 and an isomor-
phism of R//-modules Л: R/I ® Pj —> R/I ® P2 we have a finitely generated 
projective i2(/)-module (Ρι ,Ρ 2 ι Λ). As an additive group it is the subgroup 
{(P11P2) € Pi x P2 I Л(1 ® pi) = 1 ® P2} of Pi χ P2. It is given the structure of 
an fi(/)-module by defining (r i , r 2 ) · (pi, P2) = ( п р і , ггрг). For some properties 
of this module see for example [23]. 
A matrix A € GL„(R/I) gives rise to an isomorphism A: R/I ® Я " —• 
R/I® A". The map K^R/I) — Ко(Я;/) is defined by A ~ [(ϋΤ,ΙΤ,Α)] -
[(Я", Я " ,ƒ„)]. 
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Chapter 2 
The absolute case 
In this chapter we will study the group Кг(Л)/п for a ring R and a positive 
integer n. We will do this by means of a map which, ignoring details, maps 
Ко(Д) to К2(Д)/п. In the first section we will define a map h: / І „ ( Я ) ® К О ( Л ) —• 
К2(Д)/п for many rings R including rings of type Os- In the next section we 
specialize to rings of type Os and define a map ¿:/ι„ ®Ct(Os) —* ^ ( O s ) / " · In 
the third section we will then prove that both maps coincide. In the following 
section we will use the map i to prove a theorem on the generation of part of 
^2(0s) by Dennis-Stein symbols for many rings Os- Some applications and 
examples are included. For some rings, by a lack of units, we cannot use t to 
find such generators. In these cases we can use the map h to find elements of 
^•2(0s)- How this can be done is shown in the last section. 
2.1 The map h: μ
η
(Λ) ® K¿(R) -* КгСіЦ/п 
In this section we will define a map /ІП(Л) ® Ко(Д) —·· K2(Ä)/n where η is 
a positive integer, R a ring satisfying the condition
 n
SKi(/2) = 0 and μ
n
(R) 
denotes the group of elements of exponent η in R*. In fact, for even η , we 
must put another condition on the ring R and replace the group μn(R) by some 
cyclic subgroup Η of μ„(Λ). 
First we define a map /»: μn{R) ® Ко(Я) —• K2(Д)/п for η odd and all rings 
R satisfying
 nSKi(ñ) = 0. Then we define for all η and for all rings R satisfying 
nSKi(Ä) = 0 and some other condition a map Л: Я ® Ко(Я) —• К2(Я)/п, where 
Η can be any cyclic subgroup of μ
n
(R) and Η can be equal to /ІП(Я) if η is 
odd. If η is odd it turns out that h and h coincide. 
2.1.1 Definition. Define the map /:
П
Е(Я) —• К2(Я)/п as follows: for e € 
П
Е(Я) choose ι e St(R) such that ф(х) = e, then ф(хп) = 1 so ι" e К2(Я). 
Now put 
/(e) = F5". 
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If χ' € St(Ä) also satisfies ¿(χ') = e then ¿ (x 'x - 1 ) = 1 so x ' x - 1 € Ка(Д) and 
so x'
n
 = x" in К2(Д)/п, so / is well defined. 
2.1.2 Lemma. Lei f:R—*Sbea ring homomorphism. Then ihe foUowing 
diagram commutes 
„Е(Я) -U К 2 (Я)/п 
n
E ( 5 ) -L· K 3 (5)/n 
Proof. Easy. 
Now let g € GL(ñ). Because Е(Я) is a normal subgroup of GL(ß) conjugation 
with g defines an endomorphism of Е(Я) and so we have a map
 n
E(R) —*• 
n
E{R),e^geg-1. 
2.1.3 L e m m a . The foUowing diagram commutes: 
n
E(R) 
К 2 (Я)/п 
- ι 
geg-l
n
E(R) 
Proof. Let e G „Е(Я) and say e,g € GLm(R). Then 
^•('г.)СО('Л 
We know that (g - i ) € Е(Я). Let χ, y G St(fi) such that ф(х) = e and 
¿ M = ί * - ι )• Then ф(уху-1) = дед-1 and so ¡(дед'1) = ( у х у - 1 ) " = 
yx n y- 1 = î » = /(e) because χ" G К2(Я). · 
2.1.4 Lemma. Let R be a subring of S such that S is free and affinité rank 
as an R-module. Let b be as in 1.5.5 and e G nE(5). Then tr(/(e)) = /(6(e)). 
Proof. Let χ G St(5) such that ¿(x) = e, then /(e) = x". By definition of 
the transfer map tr(/(e)) = tr(x") = 6'(x)n. Now 6'(x) G St{R) and ф(Ь'(х)) = 
Ь(ф(х)) = 6(e) so /(6(e)) = 6'(x)". · 
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2.1.5 Definition. Let Ρ be a finitely generated projective Д-module. Com­
posing the homomorpbisms Autfi(P) —• Кі(Я) and Ki(A) -^ R* from 1.4.3 
and 1.4.4 we define a homomorphism det: Autß(P) —• R* 
2.1.6 Lemma. Let f:R—*Sbea nng homomorphism. Then the following 
diagram commutes 
AutR(P) - ^ * Я* 
\ut
s
{S®fP) -M- s* 
Proof. This follows from diagrams 1.7 and 1.8. 
2.1.7 Lemma. Let 
} 
R 
? " fi 
¿2 
І2 • ƒ 
tl 
ν 
be a cartesian square of rings, (Pi, P2, ft) a finitely generated projective R-module 
and f = (fi, ft) € Аіи
л
((Рі,Р2, A)) os in SilvesieT{23]. Then fors = 1,2 
i .(det((/ I ,/ a ))) = det(/,) 
Proof. This follows from the commutativity of the following diagram 
Д.®,.(Л,Р2,Л) 1 Д - ( / і ' / 2 ) · R.®,.(Pi,P2,h) 
P. JL. P. 
and the preceding lemma. · 
2.1.8 Notation. Let M be an Я-module and α € Я. We will denote by ам 
the map in Endfl(Af ) defined by ам(тп) = α · m for all m G M. 
2.1.9 Lemma. Let R be an integral domain, Ρ a finitely generated projective 
R-module and a € Я*. Then ap G АиІя(Р) and det(ap) = a r k ( p ) . 
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Proof. Let F be the quotient field of R and i: R —• F the inclusion map. Let 
Q be a finitely generated projective Л-module and г € N such that Ρ φ (J is 
free of rank r. Choose a basis of Ρ φ Q and let A be the matrix of α ρ φ l<j on 
this basis. Then we have P®RF =i Fr^p\Q®RF 2 FrkW) and the following 
commuting diagram 
FW) φ frk(Q) (P Ф <3)®л^ — Я г ® л ^ 
aF,k(p) φ l/-rk(Q) (αρ φ lg ) ® IF Л ® lp 
F r k( p> φ F^W) (P®Q)®RF RT^RF F 
From this we get det(ap) = det(yl) = ατΥ^ρ\ · 
2.1.10 Lemma. Let R be a ring such that rk is defined and such thai det(a/>) = 
α
Λ(ρ) for all finitely generated projective R-modules Ρ and all a € R*· Lei 
I Q R be an ideal, Ρ = (Pi,P2,h) a finitely generated projective R(I)-module 
and a 6 R(iy. Then гк(Л) = rk(P2)(= r), ap G А\іі
к
(Р) and det(ap) = ar. 
Proof. By definition R/IQRPI S R/I^RP^. Let m С Л be a maximal ideal 
containing /. Then 
Л/пг®яЛ Sí Я / т ® д / / ( Д / / ® я Л ) 
S Д/т®д / / (Л//®дЯ 2 ) 
S Я/т®дР 2 ) 
во rkíPi) = m-rk(Pi) = т-гЦРг) = гк(Я2)· Now for α G Я(/)* we have 
ар = (^(α)/»,, t2(a)p3) so by 2.1.7 we have for s = 1,2 
t,(det(ap)) = det(»',(a)p,) 
= ¿.(β) Α ( ρ ·> 
= < . ( β ) Γ 
= ¿ . (β ' ) . 
So det(arp) = a r . · 
2.1.11 Remark. It is not always true that det(crp) is a power of a. Take for 
example R=lx2, P = Z with multiplication (a, 6) · ρ = ар and Q = Ζ with 
multiplication (a, 6) · q = 69. Then Ρ φ Q is free of rank 1 and we can take as 
basis ((1,1)). On this basis the matrix of (-1, - l ) p φ lg is A = ((—1,1)) and 
det(i4) = (—1,1) is not a power of (—1,-1). 
2.1.12 Definition. Let Ρ be a finitely generated projective Я-module and let 
Q be such that Ρ φ Q is a free Я-module of finite rank. Choose a basis of 
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P(BQ(BR. For α € Л* the matrix Л of o p φ lg φ (1/ det(ap))fl on this basis 
is an element of SL(fi). Define a map gp: R' —* SL(R) by gp(a) = A. The map 
g Ρ is a homomorphism and is uniquely determined except for conjugation with 
an element of GL(fi) (See also [19, ρ26]χ. 
Б о т now on we will assume that R satisfies the condition: 
„8Кі(Д) = 1. 
Then
 n
SL(R) =
 n
E(R). 
2.1.13 Definition. Let Ρ be a finitely generated projective Ä-module and 
α G /ΐη(Α). Since gp is a homomorphism we have gp(a) £
 n
SL(R) = пЕ(Д) 
and so we can define 
hp<a = l(gp(a)) € К а (Д)/п. 
Since gp is uniquely determined except for conjugation with an element of 
GL(Ä) we see from 2.1.3 that Λ/>
ι(, is uniquely defined. 
2.1.14 Lemma. Let f: R —> S be a ring homomorphism. Then for all finitely 
generated projective R-modules Ρ and all a € ^n(Ä) we have 
f(hp,a) = / lS® /P,/(o)· 
Proof. Let Q be a finitely generated projective Д-module such that Ρ φ Q is 
a free Д-module of finite rank, choose a basis of Ρ φ Q and let A be the matrix 
of ap φ 1Q on this basis. Then we can take 
^^)={Λ i/detM))· 
Now (S®jP) Φ (S®/С?) is a free 5-module of finite rank. By choosing an 
appropriate basis of (5®/ Ρ) φ (5®/ Q) we get f (A) as matrix of f(a)s<g)fp Φ 
ls®/Q and so we can take 
^ ® / я ( Л а ) ) = ( Л Л ) l/detmA)))=f((A l/detM)))· 
The lemma now follows from 2.1.2. · 
2.1.15 Proposition. Let Ρ be a finitely generated projective R-module, suppose 
that η is odd and let а,0е /і
п
(Л). Then 
hp.aß = hp,allP,ß-
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Proof. Let Q be such that Ρ φ Q is a free Я-module of finite ггшк. Choosing 
a basis of Ρ φ (J φ Я we get matrices A and В of respectively ap φ l g φ 
(l/det(aj>))A and /?ρφ l<j®(l/det(/?p))flj>n this basis. Let a, 6 € St(A) such 
that ¿(a) = A and ¿(6) = B. Then Λρ | β = ö" and hpj = 6n. 
Now AB is the matrix of (αβ)ρ φ lg φ ( 1 / det((a/?)p))fl on the chosen basis 
and ф(аЬ) = AB so Лр,0/j = (α6)η. Since [α, 0] = 1 we have [Л, Я] = 1 and thus 
[α,ό] € ОДА). Using ba = [6,a]ab we get 
(a6)n = an6n[6 )a]n<n- 1>/2. 
Since η is odd n(n — l)/2 is a multiple of η and thus 
(a6)n = a" б" = a n б" 
βΟ Αρ
ι0/) = Λρ,αΛρ,ρ. 
2.1.16 Proposition. Let a € /*п(Я) an«' Р ь Р г finitely generated projective 
R-modules. Then 
Λρ,,αΛρ,,α = /»P.ePa.aídetíapJ.detíap,)}"^-1)/2 . 
Proof. Let (Ji and Q2 be such that Pi φ Qj and Pj φ Qi are free Ä-moduies 
of finite rank. Choosing bases let A\ £ GLm i(fí) and Ai € G\jmt(R) be the 
matrices of αρ, φ I Q , and αρ, φ lg,. Then 
^
a)={Al l/detiap,))' M v - z - i l/det iap, 
^ ( а ) = ( Л 2
 1 / d e t ( a p a ) ) · 
Let »ι, жг be permutations of {1, . . . , mi + mj + 2} such that 
Ί 
l/det iap.) 
'Αχ 
*mi l /det iap.) 
and 
» 2 
l /det(ap 3 ) 
*m l 
'пц 
l /det (ap 3 ) , 
Let z, у e St(R) be such that ф(х) = ^ . ( ^ ^ ( у ) = 9PÁa)· S i n c e " Ί ^ ί « 1 ) ) 
and T2(ffp
a
(or)) are "disjoint" it is easy to see that there are 8,t £ St(R) such 
that ¿(в) = і п ^ р Д а ) ) , ^ ) = n2(gp3(a)) and [s,t] = 1. Then (see 1.5.4) 
в = »!(*), Í = i2(y) (mod К2(Д)) 
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and 
hpt,ahp,<a = P y 
= iri(x" )>»(»") 
= *\{x)n*i{y)n 
= ? φ Γ 
= (5)^. 
Now Pi φ Pj Φ Qi φ Q2 ie a free Л-module of finite rank and by choosing an 
appropiate basis we get as matrix of αρ,φρ., φ Ιφ,φφ, 
\ l/(det(apt)det(aPt))J 
Let 
Л = / i
m i + m , + i , m i + m , + 2 ( d e t ( a p 3 ) ) 
and 
Л' = Am.+m^i.iCl/ídetÍQpJdetíapJ)) . 
Again since Ф^Ь^др^р^а) and ф(Н) are "disjoint" there is 2 G St(R) such 
that φ(ζ) = ^(Л ,)~1ур1фр а(а) and [2, Л] = 1. Then ¿(Λ'ζ) = ρ ρ , φ ρ , ί » so 
Αρ,ΦΡ,,ο = (h'z)n. Now ф(8І) = φ(ΗζΚ) so 
s< = А'гЛ (mod М Л ) ) 
and thus (et)" = (Λ'ζΛ)·». Because ¿(Л'гЛ) = ¿(ΛΛ'ζ) we have [Λ, Λ'ζ] G М Я ) 
and so 
(Λ'ζΛ)" = (Λ'ζ)"Λη[Λ>Λ'ζ]"("-1)/2. 
Now 
[Λ, Λ'ζ] = [Λ,Λ'ΜΛ,ζΙΛ'-1 
= [Λ, Λ'] 
= {det(apj , l / ídet íap,) de t (apj )} 
= { - d e t í a p j . d e t í a p j } 
and by 1.5.8 
A" = A m i + m a + 1 , m i + m 3 + 2 (de t ( ap a ) n ){ - l > de t (ap 3 )}" ( ' - 1 ) / 2 
= { - l . d e t t a ^ ) } " « - 1 ) / ' , 
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because det(a/>1)n = 1. So 
= / tp 1 ej» 3 , aFM^t(a P j )}"("- t ) /a{-det (ap 1 ) ,de t (a P a )}"("- i ) / ' 
= Ap.eP^atde t íapJ .de t íapJ}»^- 1 ) /^ . 
Φ 
2.1.17 Corollary. For η odd and a € Hn(R) vie can define a homomorphiêm 
Л
в
: К о ( Я ) ^ К 2 ( Я ) / п 
h М И ) = Λρ,α-
Proof. 
• If Pi and P2 are isomorphic finitely generated projective A-modules we 
surely have Λρ,,ο = Λρ,,ο· 
• Because η is odd, n(n — l)/2 is a multiple of η and so it follows from 
2.1.16 that for finitely generated projective Л-modules Pi and P2 we have 
From these two facts the corollary follows. · 
2.1.18 Remark. Notice that in the previous corollary it is essential that η is 
odd. For even η it is in general not possible to define a homomorphism in this 
way. Take for instance R=l and η = 2. We have 
^(Λι,2(-1) )=(" 1 _ ^ = I -1 J 
and Λι
ι 2 (-1) 2 = {-1,-1}. S o / » ! , _ ! = {-1,-1} = / i I e I i _ i . Because K2(Z_) is 
cyclic of order 2, generated by {—1,-1} we have Λι
φ
ι _! = {—1,-1} φ 1 = 
(Ai.-i)2· 
2.1.19 Proposition. For η odd we can define a homomorphism 
Л : / І
П
( Я ) ® К ^ ( Я ) ^ К 2 ( Д ) / П 
by A(a®x) = h
a
(x). 
Proof. For а 6 /ІП(Я) we have 
М [ Я ] ) = Лд.а 
= /»1,2(0)" 
= { - Ι , α } " ^ - 1 ) ^ 
= 1. 
The proposition now follows from 2.1.15 · 
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2.1.20 Lemma. Let η be odd and f:R—* S a ring homomorphiam. Then the 
following diagram commutes 
f®f ƒ 
/i
n
(S)®Ko(S) — K 2 (5)/n 
In particular: for η odd, h is a homomorphism of A\it(R.)-modules. 
Proof. For α G μη(Κ) and Ρ a finitely generated projective Я-mod ule we have 
/(A(a®™ = Д М ™ 
= f(hp,a) 
=
 hS®fPJ{a) 
= ^([SfyP]) 
= h(f{a)®[S®fP]) 
= /»(/(*) ® ЛИ)). 
which proves the lemma. 
For some rings we can adjust /»p|0 in such a way that we get a homomorphism 
like the one in 2.1.17 for even η too. 
2.1.21 Let A be a ring satisfying the following condition: 
t h e r e is a h o m o m o r p h i s m r: Ko(A) —• Ζ such t h a t for all finitely 
genera ted project ive Д-modules Ρ a n d all α € ßn(R) we have 
r([P]) > 0 
and 
dtt(ap) = arttpV. 
Examples of this are 
• R an integral domain and r([P]) = rk(P). See 2.1.9. 
• Rf a ring such that rk is defined and such that det(ap) = а л ^ for all 
finitely generated projective /Z'-modules Ρ and all a G Я " , I С Rf an 
ideal. Take R= R!{I) and KKA.ft.A)]) = г Ц Л ) · See 2.1.10. 
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An example of a ring not satisfying this condition for η = 2 is the one in 2.1.11. 
Let Ρ be a finitely generated projective ß-module and let Q be such that 
Ρ φ Q is free of finite rank. Choose a basis for Ρ φ Q φ ir ( I P 1 ) . For о € Я* the 
matrix of ар φ 1Q φ (ог-1)я'(І',І) on this basis is an element of SL(¿2). In this 
way we get a homomorphism gp: R* —* SL(Ä). g ρ is uniquely defined except 
for conjugation with an element of GL(A). For α £ μη (Λ) we can now define 
hpia = /(ip(or)). 
Now say РФ Q is free of rank m and let A £ GL
m
(R) be the matrix of ap φ lg 
on some basis of Ρ φ Q. Then we can take 
9P(<*) 
. - i 
a-4 
/A 
a
-r([P]) 
/*» 
a'W-i 
1/ \ a " 1 / 
Let 
and 
Λ = Ат+1,т+2(а)Л
т+1,т+з(а) · · •Лт +і і Г О + г([р])(а) 
Л' = Лт + 1, і («- Г ( Й ) ) · 
Since ф(к')~1 Ι -г([Р]) ) a n d Ф(Ь) are "disjoint" there is г € St(R.) such 
ф(г) = ф(НГ1(А ^ Ц Р , ) ) 
that 
and [z, h] = 1. Then 
Φ(Η '*)=[
 а
-г(ІР])) 
so Лр.с = (А'г)". Now ¿(А'гЛ) = gp(a) so А
Л о
 = (h'zh)n. Because ^(Л'гЛ) = 
¿(ΛΛ'ζ) we have [Л.Л'г] € К2(Я) and 
(h'zh)" = (Α'ζ^Λ-ΙΛ,Λ'ζ]"^-1)/2. 
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Now 
[h,h'z] = [Α,ΛΊΛ'ΙΜΛ'-1 
= [A, Al 
l
=
7
 {a>a-r<l/>l)}r(I,'1)-1 
= il,«} 
= 1 
and by 1.5.8 
A" = A
m + l i m + 3 ( a - ) - . A m + l i m + r ( [ p ] ) ( a " ) u ; a , , l X ' « 1 ) - 1 ) / a 
-
 u
r([4Xr([pj)-i)/a 
where u 0 = { - І .о}^"- 1 ) ' 3 , so 
,/(И)(г(И)-і)/а Ap ie = A P , e u ; ^ m r ^ » - 1 W J . (2.1) 
2.1.22 Proposition. l e i R be a nng satisfytng the condition of 2.1.21. Let 
a G /in(Л) end Pi.Pj finitely generated projective R-modules. Then 
Proof. Let П! = r([Pi]) and пг = r([P2]), then 
Λρ,,αΛρ,,ο 
_ . .
 t .n i (n,- l )/2+nj(n a - l )/2 
= A f tefb,«.{<iet(ttP i),det( t t f t)}»(-»)/iuS"(-- 1)/ 2 +"'C» a-i)/a 
— A„ n in
a
+fi i (n i- l )/2+n 3 (na- l )/2 
— '•ΡιφΡι,ο"« 
= Λ ρ
ι φ
ρ ι ,
ι 0 Ο ο 
(n,+nj)(n,+i»
a
-l)/2 
- Λ„ „ ,/([ЛФР
а
])(г([Р 1фР 3])-1)/2 
— «ЯіфЯг.о^о 
= ЬРіфРз.а 
and the proposition is proved. 
2.1.23 Corollary. For a 6 ßn(R) we can define a homomorphism 
ha: Ко(Я) — К 2 (Д)/п 
h Λα([Ρ]) = hPla. 
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Proof. See the proof of 2.1.17. · 
2.1.24 Remark. Note that hpia depends on the homomorphism r. As an 
example take R = l and π = 2. 
• If we take r: Ko(Z) — Ζ defined by r([P]) = rk(P), then fo-i = {-1,-1} 
because 
^ ( Л і 1 2 ( - 1 ) ) = ( " 1 ^ ) 
and (Лі
і а
(-1)) а = {-1,-1}· 
• If we take r:Ko(Z) — Ζ defined by r([P]) = 3 · rk(P), then ϊι
τ
,-ι = Τ 
because 
' - 1 
0(Лі,2(-1)Лз,4(-1)) = ' " 1 
- 1 
-I, 
and (hlt2(-l)h3<4(-l))2 = 1 
This also follows from equation 2.1 since 1 φ { — 1, — I} 3-
2.1.25 P r o p o s i t i o n . Let Ρ be a finitely generated projective R-module and let 
α,β£ Η where Η is some cyclic subgroup of μ
η
(Η). Then 
hp,aß = hp.ahpß. 
Proof. This follows from the fact that the matrices of α ρ φ lg Θ (1/ det(ap))n 
and βρ φ lg φ (l/det(/?p))ß are powers of some fixed matrix. · 
2.1.26 Propos i t ion . For each cyclic subgroup Η of μ
η
(Ε) we can define a 
homomorphism 
~Іі:Н®ЩЯ)^ К 2 (Я)/п 
6,А(а®х) = М;г)(Л0([Я]))-'К 
Proof. For α € /ІП(Я) we have 
(MW))1-™ = ( ,^α)1-«*» 
= (fcH i eu; ( I J q ) ( r ( [ j q )-1 ) / a) I- rö ,4) 
= ι, 
because аг(Ій1) = det(aft) = a, so 
„^ -»•([Я])
 =
 {_ΐ
ι α
ι-··([ί4)|η(η-ΐ)/2 
= 1. 
The proposition now follows from 2.1.25. · 
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2.1.27 Remarle. Notice that for η odd it follows from equation 2.1 and 2.1.15 
that hptaß — hp,ahp,ß for all α, β G Рп(Я)· We see that for η odd we get a 
homomorphism h: /in(A) ® Ko(A) —• Y.2{R)/n. 
2.1.28 Lemma. Ltt f:R—*Sbta ring homomorphism such that r([S®/P]) = 
r([P]) for all finitely generated projeciive R-modules P. Then the following dia­
gram commutes for each cyclic subgroup Η of μ
η
(Η) 
H®W0(R)-^-* К2(Д)/п 
ι I 
f®f f 
f (Η) ® Ko(5) - ^ K 2 (5)/n 
Proof. For a finitely generated projective Я-modiile Ρ let Ps denote the 5-
module 5®/ P. Then for a 6 Η and Ρ a finitely generated projective Д-module 
we have 
f(k(a9]P\)) . 
= ЯМ™М[Л])Г ( І Р 1 )) 
= fChp,h-RT])) 
= / ( Л р 0 и ; ( [ Р 1 ) ( г ( 1 , , 1 ) ~ 1 ) / 2 л ~ г ( І Р 1 ) ( и ; ( [ й ] ) ( г ( [ я ] ) ~ 1 ) / 2 ) - г ( і я ) ) ) 
= Ар. 7 ( в )А^ в ) ) /(« в ) '(™г(И)-і)/2(/( І 1 в )г([Д1)(г([яі)-і)/а)-г([і1) 
- Λ„
β
 « ,Λ-'-α^
5])./([^IXrd^D-D/a/ r([s])(r([s])-i)/2
r
r([ps]) 
= HP5 .naihSJ(a) ) 
= Л/( 0 ) (^ 5 ] ) (Л/( а ) ( [5]) )- г ( [ р 5 1 ) 
= ¿(л«) « г а 
= Λ(/(«)®/([Ρ])), 
which proves the lemma. · 
2.1.29 Propos i t ion. If η is odd then h = Λ. 
Proof. This follows from equation 2.1 and the fact that щі = 1 for η odd. · 
2.1.30 Remark. Notice that for η = 0 (mod 4) we also have 
Л(а®[Р]) = ΜΉ)Αα([Α]ΓΓ(ΙΡ1) 
= hpia{hR,a)-r«P]) 
= hp^h^yW» 
= Λρο, 
since Ua = {l,or} = 1 and Ля,* = {Ι,α} = 1. From this it follows that 
hp,aß = Αρ,οΛρ,ρ also for η = 0 (mod 4), if Λ satisfies the condition of 2.1.21. 
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From now on we will write also h instead of h and the context will make clear 
whether we mean h or h. 
2.1.31 Now let Л be a Dedekind domain containing a primitive n t h root of 
unity such that „SKi(ñ) = 1. In this case /ІО(Я) consists of all n t h roots of 
unity and we will simply denote it by μ
η
. 
Notice that from 2.1.9 we see that R satisfies the condition of 2.1.21 by taking 
r([.P]) = rk(P) and that for all finitely generated projective A-modules Ρ and 
all σ € Aut(Ä) we have τίί(η®
σ
Ρ) = rk(P). Since μη(Λ) = μη is a cyclic group 
we see from 2.1.28 that for all η we have a homomorphism of Aut(J2)-module8 
Л : р
п
® К ^ ( Я ) - > К 2 ( Л ) / п . 
According to 1.3.5 we have an isomorphism of Aut(n)-modules 
Ci{R) Z. K¿(R), 
so the homomorphism h induces a homomorphism of Aut(A)-modules 
Л : / І
П
® О Д ) - К 2 ( Я ) / П 
defined by h(a ® [a]) = ή(α ® [ä]). 
Notice that for an ideal α of Я we have rk(a) = 1 so 
, . f
 n
 f h
aa
 if η is odd or η = 0 (mod 4); 
Λ ( α ® [ 0 ] ) = \ ft
e
,0FW ifn = 2 (mod 4). 
To compute 9α(α) for an ideal α of Я we can choose an ideal b G [о] - 1 such that 
α and b are relatively prime. Then we have a split exact sequence of Я-modules 
0 ·· ab • ο φ b Я » 0. 
с • (с, -с) 
(а, 6) —~а + 6 
Since ab is a principal ideal we see that α φ b is a free Я-module of rank 2. Let 
A be the matrix of a
a
 φ lb on some basis of α φ b. Then 
Ы а ) = ( А
 β
. ι ) 
2.2 T h e m a p г: μ
η
 <g> a(Os) -• Κ2(08)/η 
In this section we will specialize to rings of type Os- We will define a homo­
morphism μ
η
 ® Cl(Os) —• K2(Os)/n. It will turn out that this map coincides 
with the map h defined in the previous section. 
Let F be a number field containing a primitive n t h root of unity and let S 
be a set of primes of F. 
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2.2.1 Theorem. The following sequence is exact 
/i„ ® F· -1~ K 2 (F) - ^ - K 2 ( F ) , 
where 7 is defined by γ(ζ ® ο) = {α, ζ}. 
Proof. If η is a prime number, then the theorem follows from [28, 6.1]. Now 
suppose that η = n i n j where nj,"2 > 1 and that the theorem holds for rti and 
П2. If x € K2(F) is such that xn = 1, then (x" 1 )" ' = 1 and thus xni = {α,ζ} for 
some n j 1 root of unity ζ and some or G F*. Let ζ' 6 μ
η
 be such that ζ'ηι = ζ. 
Then (arta.C}-1)·»» = 1 and thus ar ia .C'} - 1 = {/?.<"} for some п?« root of 
unity C" and some β E F*. Thus χ = {α,ζ'}{β,ζ"}, which is in the image of 
7· · 
2.2.2 Remark. If F is an arbitrary fìeld, then the theorem also holds by [18, 
14.2]. 
2.2.3 By definition of the ideal class group of Os we have an exact sequence 
F· —• φ z — - a(o
s
) — - о. 
By tensoring this sequence with μ
η
 we get the following exact sequence 
μ
η
 Θ F* • φ μ
η
 • μ
η
®α(03) 0. 
vis 
2.2.4 Definition. Consider the following commuting diagram 
/i
n
 ® F' © μ
η
 μ
η
 ® a(Os) • 0 
vi s 
7 
0 . K 2 (Os) • K 2 (F) - Ы - 0 ib; • 0 (2.2) 
vi s 
•η 
K2(F) 
The middle row of this diagram is exact by 1.6.7. An easy diagram chase shows 
that we can define a homomorphism 
¿ : / i „ ® Ö f ( O s ) - K a ( O s ) / n 
by i(C® W) = x", where χ € K2(^;,) is such that for all primes p of F not in S we 
have Tp(i) = ζυΜ G ¿J. Notice that in fact xn G K2(F) and not xn G K 2 (O s ) . 
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2.2.5 T h e o r e m . If S contains the prime« dividing n, then the following se­
quence is exact 
0 - ^ / 1 „ ® С ? ( С ? 5 ) - ^ К 2 ( О 5 ) / п Х 0 μ η ^ μ η - ~ 0 , (2.3) 
P65\S. 
where X is induced by the Hilbert symbols of order η and S
e
 is the set of complex 
primes of F. 
Proof. See [15, 3.5]. Φ 
2.3 Equality of h and г 
Let F be a number field containing a primitive n t h root of unity and let S be 
a set of primes of F. Since by 1.4.7 we have that
 n
SKi(Os) = 0, we have by 
2.1.31 the homomorphism of Aut(Os)-modules 
A : / i n ® £ 2 ( O s ) - K 2 ( 0 5 ) / n . 
By 2.2.4 we also have the homomorphism 
i:ßn®a(Os)^K2(Os)/n. 
We will now prove that these two homomorphisms coincide. 
2.3.1 Theorem, h = ». 
Proof. Let С € /in and α φ Os a non-zero ideal of Os· Choose an ideal 
b € [a ] - 1 such that α and b are relatively prime. As in 2.1.31 we have a split 
exact sequence of Os-modules 
0 ab ο φ b Os 0. 
Let ao € о and 6o € b such that a0 + bo = 1. let с € ab such that ab = cOs 
and let d = aobo/c € Os- The above exact sequence then shows that we have 
an isomorphism of Os-modules 
α φ b -^ Os Θ Os, (α, 6) н- (α + 6, (обо - а06)/с). 
The inverse of this isomorphism is 
Os Φ Os -^ α φ b, (ri, г2) ·-• (nao + гзс, M o - ггс). 
From this we see that we can take as Os-basis of α φ b 
((ао,6о),(с,-с)). 
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The matrix of ζ
α
 φ 1
Ь
 on this basis is 
/ «' ( C - l ) e \ 
where u = ao + C^ o and ti' = Cao + 60. 
Now we consider A as л matrix over F. Diagonalizing A we get 
where 
Writing 
where 
we get 
Now let χ = i i ,2(-l )*2,i(M G St(C)s). Then ^(1) = V. We see that for 
У = Л2,з(-с)-1і-1Аі,з(С)а:Л2,з(-с) G St(F) we have 
We may assume that u φ 0, so we can reduce the matrix Л to a diagonal matrix 
in the following way 
A-+( Uu 0i^(Uu λ 
We see that for X = xit2{(C - l)c/u)i2,i((C - l)du/Ç)h2il{u)hlt3(C) G St(F) we 
also have 
Ф(Х)=(Л
 c
- i ) · 
Now we have 
Y = Л21з(-с)-1Х2,і(-Ь0)*1,2(1)Лі,3«)іі,2(-1)*21і(*0)Л21з(-с) 
= Л2(з(-с)"1Аі1з(С)/>2,з(-с)Х2)і(С*о/с)гі,2(-с/С)іі,2(с)Х2,і(-6о/с) 
= {<, -с}Лі1з(С)*з.і(С*о/с)*і>а((С - 1 WC)*2.i(-*o/e) 
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and 
so 
X = хіЛ« - l)e/t»)*2.i((C - l)du/C)h3A{u)hh3tt) 
= hnMhwiQziM - l )c«/CKi((C - l)d/u), 
χγ-
1 
= Л2.і(«)А,1з(0*і.і((С - l W O * i . i ( ( C - l)¿/«)*a,i(fto/c) 
xi,2((l - C)e/C)*a.i(-C*o/e)*i1.(0"I{-c,C} 
= htMhidOzvUC - l)c«/C)x2,i(C6o/(uc)) 
*і,а((1-Ос/С)*2.і(-С*о/с)А1із(С)- ,{-с,С} 
= h2tl(u)hl¡3(()(-(b0/(uc),(í - C W O А2, і(1/«)ЛіЖ)'Ч-с,0 
= (-C6o/(uc), (1 - Ç)c/C) {-c,C}{«, l/u}{l/ti ,C} 
= {-Cfto/iuc), l /U}{-c,C}{ti , 1/«}{1/«,C} 
= { - c C H - c / ò o . u } . 
Now let Y' = Υ{-€,ζ}, then we have ^(У) = ¿(Y). Let Ζ € St(05) be such 
that 
φ(Ζ) 
•(V) 
Then φ{Ζ) = ^ ( У ) so ZY'-1 G K2(F). Now let ρ g 5 be a prime of F and 
let Op denote the local ring {a G F \ Vp(a) > 0}. By 1.4.8 we have that 
SKi(öp) = 0, so by 1.6.6 we have an exact sequence 
о — . к2(Ор) — • K 2 (F) - i . k; — • o. 
We distinguish two cases: 
• c£p. 
Then ZY'-1 G K2(0„), so rpí^y'"1) = 1 = ζΜΌ because υρ(ο) = 0. 
• с G p. 
Then αο G p or 6o G p, so u = С (mod ρ) or u = 1 (mod p), so 
ZX-1 e K2(Op) and thus тр(гХ-1) = 1. So rp iZy- 1 ) = Tp{XY'-1) = 
Гр({—c/6o, u}). Again we have two cases: 
- ao G p. 
Then 6o = 1 (mod p) and и = ζ (mod p), so Tp({—c/bo,u}) = 
ζ
υ
'Μ = (»'M because Гр(Ь) = 0. 
- Ь0 G p. 
Then u = 1 (mod p), so rp({-c/6o,u}) = Τ = ζν*(α) because 
р(о) = 0. 
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We see that for all primes p І S we have ^(ZV'- 1 ) = (,υΜ and since ZY' - 1 e 
K^F) we get 
¿(СвМ) = (zy'-1)" 
= ¿"(У'-1)" 
^
8
 Z- í - l .C^Í—O/a. 
Now if η is odd or η = 0 (mod 4) we have 
i(C®[o]) = ^ = MC®[û])· 
If η = 2 (mod 4) we have 
»'(C ® W) = ^"{-i.O = л(С ® W). 
This ends the proof of the theorem. · 
2.3.2 Remark. From the proof of the theorem we see that if we can find 
Ζ E St (Os) such that 
<KZ)=(A
 r l ) , 
we also have χ 6 Кг (F) such that 
rp(x) = СЛ·) for all ρ £ 5, 
namely, 
X = ^2,l(6o/c)x1,2((l - O c / C K l i - C W O f c U O " * · 
2.4 Generators for the p-primary part of K^üs ) 
(CP e C7S) 
In this section we will give some applications of the map a'. For a number field 
F containing a primitive pth root of unity (p prime) and a set 5 of primes of 
F such that # S > 1, we will prove that under some conditions the image of » 
is generated by classes of Dennis-Stein symbols. Using this we will be able to 
point out many rings Os such that the p-primary part of Kziös) is generated 
by Dennis-Stein symbols. 
From now on let ρ denote a prime number, F a number field containing a 
primitive p t h root of unity ζρ and 5 a set of primes of F. By 2.2.4 we then have 
the map 
¿: / ip®a(0s ) -»K2(0s ) /p . 
Let ε € 0*s and let к be a positive integer such that Cp» G F and Cpà+i £ F. 
First we will state some number theoretic facts. 
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2.4.1 Let L/K be an extension of number fields and q a finite prime of L. We 
then have the notion of ramification index е * (q) of q over К and of relative 
degree ƒ * (q) of q over K. If L/K is a Galois extension we have for a finite 
prime ρ of Л" the notion of ramication index Cp of p in L and of relative degree 
№ of p in L. For a non-ramifying finite prime q of L we have the notion of 
FVobenius automorphism «¿к(q) of q over K. If L/K is an abelian extension 
and p is a non-ramifying finite prime of К we have the notion of Frobenius 
automorphism ф^ of ρ in L. 
An easy consequence of Tchebotarev's density theorem (see for example [11, 
10.4]) is the following: 
2.4.2 Lemma. Let L/K be a finite abelian extension of number fields, Τ a 
finite set of primes of К and σ € Ga.\(L/K). Then there are infinitely many 
finite primes ρ of F such that 
l.ptT. 
2. p is not ramified in L. 
S. ф$ = σ. 
2.4.3 Lemma. Let η be a positive integer and p $ S a prime of F not dividing 
p. Let ζpш denote a primitive ( p n ) t h root of unity. Then 
1. p does not ramify in Ρ(ζ
ρ
·>) and 
^ - )
 = 1 0 p » | # ( 0 s / p ) . -
2. ·ƒ Cp· € F, then p does not ramify in F( 'y/i) and 
φζ*- ' ^ = 1 «. ε is a (pnyh power in (Os/p)*· 
Proof. 
1. The only primes of F that can ramify in ^(Ср") are the primes dividing 
p. Let m denote the minimumpolynomial of £p» over F. By [26, 4.11] we 
have 
pnOf ( < 1 ( .)ÇCMCp-], 
so [Ор((
гП
у. OF[CP*]] ¡S a power of p. From this it follows that to compute 
the decomposition behaviour of p in F(Cp» ) we only have to decompose m 
over Os/p (see for example [16, 1.8.Prop 25]). We now have 
φζ(ζ,η)
 =
 γ ^ ρ splits completely in F(Cp.) 
О m splits completely over Os/p 
О Os/p contains a primitive (pn)th root of unity 
« pn№Os/pr. 
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2. The only primes of F that can ramify in F( Ti/e) are the primes dividing 
ρ or £. Let e = [F( 'y/^/F] and let m denote the minimumpolynomial of 
' T c over F. Then diec(l, '¡/ε, • · •. ( 'v /ë) ' - 1 ) divides p n e in OF so 
and thus [OF,
 г
*куОр [*v^]] ' s a power of p. From this it follows that 
to compute the decomposition behaviour of ρ in F{ ψΐ/ε) we only have to 
decompose m over Os/p- We now have 
φζί ' ^ = 1 ο p splits completely in F( ' 7 ? ) 
О m splits completely over Os/p 
О m has a zero in Os/p 
«» г is a ( p n ) t h power in (Os/p)*-
Now we will prove two lemmas which are essential to the construction of Dennis-
Stein symbols in KiiOs)· 
2.4.4 Lemma. Let p,p' £ S be different primes not dividing ρ such that pp' is 
principal in 0$. Let m denote the order of ë € (Os/p)* and m' the order of 
? G (Os/p1)*. If Vp(m) φ vp(m'), then ϊ(ζρ ® [p]) is the class of a Dennis-Stem 
symbol. 
Proof. Let α € Os such that aOs = pp'. 
First assume that Vp(m) > ^ ( m ' ) . Let e = mm'/pv'(-m ) + 1 . Then for some 
t e N we have 
e . . _ ƒ CP (mod p); 
(mod p'), 
so 
,-.{<. 
»(Cp®[p]) = R e e < } p 
= {α,εΡ") 
Now assume that vp(m) < vp(m'). Let e = mm'/pv'(m)+l. Then for some 
f € N we have 
(mod p); 
Cp (mod p'), ' •U 
so 
'•(Cp®[p]) = ( ¿ « ρ β Μ ) ) - 1 
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\ — • α 
- \ — S - >a)· 
This proves the lemma. · 
2.4.5 Lemma. Let p, p', p " $ S be different primes not dividing ρ suck that 
pp'p" is principal in Os- Let m denote the order of 7 S (Os/p)*, τη' the order 
ofI€ {Qslp'Y and m" the order of I 6 (Os/p")*· If M m ) > v p( m ' ) and 
t)p(m) > vp(m , /), íAcn ΐ(ζ
ρ
 ® [ρ]) м <Ле с/аяя о/α Z)ennis-5<ein symbol. 
Proof. Let а € Os such that а 0 5 = pp'p". Let e = mm'm"/p
v
'(m')+v>(m")+1. 
Then for some t G N we have 
Hi 
«•«P®[P]) = 
(mod p); 
(mod p'); 
(mod p"), 
{α, ε"}" 
{α,εΡ"} 
so 
and the lemma is proved. · 
2.4.6 Now we are ready to prove the main theorem of this section. In order 
to state this theorem we need the following construction from class field theory 
(see for example [11] or [16]). Let 7ί be the maximal extension of F such that 
1. Ti/F is an abelian extension. 
2. Ti/F is unramified. 
3. The finite primes in S split completely in Tí. 
Then we have an isomorphism 
<t>:a(Os)^Ga.l(H/F) 
defined by φ([ρ]) = φ* for a prime p £ 5. 
2.4.7 T h e o r e m . If 
and 
either ζ
ρ
* + , ¿H or 't/e І H, 
then the image of the map i is generated by classes of Dennis-Stein symbols. 
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Proof. In order to prove the theorem we basically study the following four 
cases: 
1. <p»+· І П and ^ ё І П. 
2. Ср»+· t Ή and ^ ё G П. 
3. CP*+· G Ή and ψε $ Η. 
4. Cp»+i € Ή and ^ε G П. 
Each of these cases is then again subdivided into several cases. 
Notice that F(Cph+i)/F, F( АД)^ and H/F are all abelian extensions. 
1. Cp»+« І П and J¿ £ П. 
We distinguish two cases. 
Then we have the following situation: 
ПМ 
П 
F(J¿) 
Let χ G «(Os) and σ = φ(χ). Let σ G Gal(W(-Ç^)/F) such that 
σ)« = σ and ¿ |F (^F) # 1. Now let σι,σ2 G Gal(W(Cpii+i, ^e)/F) 
such that 
^11^«,,»+.) = 1. 
^(«(^?) = ^ -
and 
Using lemma 2.4.2, let рьр2 be different primes of F such that 
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• pi and pi do not divide p. 
• pi and рз do not ramify in 7<(Cp'+i, tfe)· 
• ψρ,
 r
 = σι and 0p, ' = σ2. 
Then 0([рі]) = </>* = σ
ι
\
Η
 = σ = φ(χ), во [pi] = ζ and φ{[ρ3]) = 
φ* = σ,Ι« = σ"
1
 = ψίχ-
1), so [ρ2] = χ-*. Since φ ζ ^ ι ) = 
σ
ι\ρ(ζ i+ 1) = 1 and Φρι = "'il/'í^T) / 1 we have by lemma2.4.3 
р
к+1
І#(о5/ріГ 
and 
? is not a p t h power in (Os/fi)*· 
From this it follows that p t + 1 divides the order of I G (Os/Pi)*· 
Since ф
Рз
 ^ *
1
 = ^2|f((
 k + i ) ^ 1 w e bave by lemma2.4.3 
P * + 1 t # ( O s / P 2 ) · , 
so p i + 1 does not divide the order of ? G (Os/pi)*· By using lemma 
2.4.4 with pi and p2 we now see that ί(ζρ ® χ) = ί(ζρ ® [pi]) is the 
class of a Dennis-Stein symbol. 
Cp»+. € W ( ^ ) . 
Since [W(V£)/W] = [W(Cp*+0/W] = Ρ and Cp'+i € W(^ë) it follows 
that ?i(-tfe) = 7ί(ζ
ρ
*+ι ), so we have the following situation: 
W ( ^ ) = W(Cp*+.) 
fK-»*..^?) 
n<f *+> F ( ^ ) 
Let ι G (X(Os) and σ = φ(χ). Let σι G Gal(?í(Cp*+i )/F) such that 
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σι |ί '«,*+.) = 1 · 
We distinguish two cases. 
Let σ 3 € Gal(?í(Cp»+i )IF) such that 
^гі« = ff" 
and 
Let рі.Рз be different primes of F such that 
• PuPi ÍS. 
• pi and p2 do not divide p. 
• pi and p2 do not ramify in 7ί(^ε). 
We now have 
[Pi] = *, 
[p2] = x- 1 . 
p * + 1 divides the order of ε G (Os/pi)* 
and 
p t + 1 does not divide the order of ε£ (Os/pì)*• 
Now use lemma 2.4.4 with Pi and рг-
Let σζ € G a l ( ? í ( ^ ) / F ) such that 
and 
<г2Іпс,а+.) = і-
Let i i € ßf(05) such that 
ф(т\) = σζΙ«. 
Since «Ы/ХфТ) / 1 a n t ' (σ2 σι)\ρ(^ΐ) Φ 1 w e bave as in case (i) 
that both ¿(Cp®1!) a n d ' ( ( ρ ® 1 ! ^ 1 ) a r e classes of Dennis-Stein 
symbols. Now notice that ¿(Cp ® ι ) = ¿(Cp ®*і)*(Ср ® ^ Г ' 1 ) ' s a 
product of classes of Dennis-Stein symbols. 
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2. Cp»+« * Ή and Jë € W. 
Then we have the following situation: 
*+» 
Let χ € ö ( O s ) and σ = ^(z). We distinguish two cases. 
(a) ' I J , ^ ) ^ 1· 
Let σι,<Τ2 G Gal(W((p*+i)/F) such that 
^ilw = ^. 
fflli'«,à+.) = 1 . 
and 
Let Рі.рз be different primes of F such that 
• P i .Paí S. 
• pi and рз do not divide p. 
• pi and p2 do not ramify in Н(С
Р
Ч-І ) . 
, * « , » + l ) , ,«((,,»+1) 
• ф,1 ' = σι and φΡ:ί ' = σ2. 
We then have 
[Pi] = *, 
[P2] = x- 1 . 
p * + 1 divides the order of ? € (Os/PiY 
and 
p* + 1 does not divide the order of ? € (Os/pa)* 
Now use lemma 2.4.4 with pi and рг-
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(Ь) *\rtv¡) = l· 
Let σι e Gai(H/F) such that 
σ
ι\ρ(#1) Φ !• 
Let χι e Ci(Os) euch that 
φ(χι) = σι. 
Since ^ і ід^у) ^ 1 and (σϊισ)\
ρ
^^ φ 1 we have as in case (a) that 
both «(Cp ®*i) and ΐ(ζρ®χϊιχ) are classes of Dennis-Stein symbols. 
Now notice that that i(Cp ® x) = i(Cp ® *i)i(Cp ® ^Г' 1)· 
3. Cp»+' € Ή and Je І П. 
Then we have the following situation: 
ПШ 
П<Гс) 
Let χ G Ci(Os) and σ = ^(x). We distinguish two cases. 
( a ) σ 1ί · ( ( ,» + 1 )^1 · 
Let σι ^ 2 e Gal(W(^ë)/F) such that 
<r\\n = σ, 
σ
ι ΐΓ(^?) = !• 
^гіи = σ
-
and 
σ 2 | ί · ( ^ ? ) ^ !· 
Let pi,p2 be different primes of F such that 
• P i . p 2 g S . 
• pi and P2 do not divide p. 
• pi and p2 do not ramify in Ή.(-ζ/ε). 
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We then have 
[Pi] = x, 
[P2] = x - 1 , 
p* does not divide the order of ε € (Os/Pi)" 
and 
p* divides the order of Γ € (Os/pi)*· 
Now use lemma 2.4.4 with pi and pa-
(b) ^ |F« F à + l ) = l· 
Let σι e Gal(7í/F) such that 
' ікчс^+і)?4 ^ 
Let χι e Ct(Os) such that 
^(xi) = σι. 
Since σι|ί·((
 t + I ) φ 1 and ( σ ^ ' σ ) ) ^ à + l ) ^ 1 we have as in case 
(a) that both ί(ζρ ® χ ι ) and »(£p ® xj"1*) a r e classes of Dennis-Stein 
symbols. Now notice that i(Çp ® x) = t(Cp ® χι)»(ζρ ® i f 1 « ) . 
4. Cp»+i G Ti and ψε£?ί. 
Then we have the following situation: 
П 
F(Cp»+.,^ê) 
^(Ср»+.) F ( ^ ) 
Let x G íZ(Os) and σ = ^(x). We distinguish four cases. 
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( a ) σ1ί·«,»+ι) = 1 aad σ\ρ(^ΐ) Φ 1· 
Let σι e Gal(W/F) such that 
Let рьрз.рз be different primes of F such that 
• Рі,р2,Рз^5. 
• Pi ι p2 and Рз do not divide p. 
• pi,p2 and рз do not ramify in H. 
К = '. 
A« ^ « - ^ - U - i » = σχ and ^ = af V 
We then have 
[Pi] = *, 
[Ρ2][Ρ3]=ι"1, 
p*+1 divides the order of ? € (Os/pi)*, 
p k + 1 does not divide the order of ε G (Ö5/P2)* 
and 
p t + 1 does not divide the order of ? € (Os/рз)*· 
Now use lemma 2.4.5 with pi ,p2 and рз. 
(Ь) σΙ''«,*+.) / 1 a n d σ1ί·(^) = !· 
Let ί < к be maximal such that fye G W. Then 0 < t < k, because 
^ 7 G Ti and '¡/ε £ Ή. We have the following situation: 
ПС, *+ι 
W F ( ^ ) 
П<^) 
We distinguish two cases. 
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1 σ
ΐ ί · (<*) = 1 · 
Let (Ti.ffj € Gal(W( 'Ìfò/F) euch that 
«»•il« = σ, 
«ral« = ff"1 
and 
Let pi,p2 be different primes of F such that 
• Pi ,P2Í 5. 
• pi and p2 do not divide p. 
• pi and p2 do not ramify in Ti{ 'y/e). 
• ^ р ^
 v
 ' = σι and ^p^ = ff2· 
We then have 
[Pi] = *, 
[P2] = X-1, 
ρ does not divide the order of Γ G (Os /pi)" 
and 
ρ divides the order of I G (O5/P2)*. 
Now use lemma 2.4.4 with pi and рг. 
Let ffi,^ € Gal(7</F) such that 
ffilf(C,i.+.)=Hf «,*+.). 
σ 2 | Γ ( ^ + Ι ) = 1 
and 
Let χι , ΐ2 € £2(Os) such that 
ψ(ΐι) = ffi 
and 
φ(Χ2) = ff2· 
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Since *і|г({ ^ , ) φ 1 and σ ι ^ , ι ^ = 1 we have as in case 
(i) that t(Cp ® x\) is the class of a Dennis-Stein symbol. Since 
σ2|ί·«,»+ι) = ! . viWtfi) Φ 1, ( ^ ^ Γ 1 ' ) ! * - « , ^ . ) = 1 »η«1 
(σ2 Ισΐ1σ)\ρ{#ΐ) ^ 1 we have as in case (a) that both i{(,p ® i j ) 
and i(Çp ® Xj l*ï"1*) are classes of Dennis-Stein symbols. Now 
notice that χ{ζ
ρ
 ® ζ) = ι(ζρ ® xi)i(Cp ® «2)«(Cp ® x2 1 χ Γ 1 χ ) · 
(c) «Tlí'(CFk+,) Φ 1 »««Ι σ ΐ Γ ( ^ ) î4 1· 
Let <Γι G Са1(7</^) such that 
< r l | í '(C,»+i)=< T lf«,k+i) 
and 
Let xi € CÍ(Ps) such that 
¿(xi) = *i· 
Since (fff'ffJlFic »+, ) = 1 and (сГ1о')1г(^Г) # 1 we have as in case 
(a) that i(Cp ® x ^ x ) ' s ^ e class of a Dennis-Stein symbol. Since 
""ilf« * + I ) Φ 1 а п ^ 0ГіІг(^7) = 1 we have as in case (b) that ¿(Cp®xi) 
is the class of a Dennis-Stein symbol. Now notice that i(Qp ® x) = 
«'«Р®*і)«Кр®хГ 1 а г)· 
( d ) olfiCpfc+i) = 1 a n d a\F(Vï) = 1· 
Let σι G Gal(ft/F) such that 
σ
ι\η^+ι)Φ 1 
and 
Let xi € Cf((35) such that 
¿(xi) = σι. 
Since σ ι ! ^ ^ , ) φ 1, σ ^ ^ ) = 1, {*\Χ°)\η<++ι) Φ 1 a n d 
( σ ^ ν ) ) ^ ^ ) = 1 we have as in case (b) that both i(£p ® x\) and 
i(Cp ® x f ' x ) are clases of Dennis-Stein symbols. Now notice that 
*(<p ® x) = »'«p ® *i)««p ® ^ Г 1 *)· 
This ends the proof of the theorem. · 
2.4.8 Remark. Notice that we have proved that an element of the image of t 
is not only a product of classes of Dennis-Stein symbols but, in fact, a product 
of at most three classes of Dennis-Stein symbols. 
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2.4.9 Now let η = # 5 — 1 and assume that η > 0. By the Dirichlet unit theorem 
there are a root of unity ζ and d , . . . , e
n
 € О g such that for each e e О g there 
are /, / ι , . . . , ¡n € Ζ such that 
Here / i , . . . , In are uniquely determined by ε. 
2.4.10 Lemma. l e i ε = C'c'i' ···£{,* i U C * '*"* Ρ t '·' / o r 3 o m e *· '^* e n ^ ^ 
Proof. If ^ e € F(Cp*+>) then F(^i) = F(Cp^i) = Γ ( ^ Γ ) . By Kummer 
theory we then have 
ε = (Cp*)'<*p for some a G F\t £ N. 
Then α € OJ, say α = ζ™«™1 · • С " - Then we have 
/•'c-'1 . . « · ' » — / - m ' < - p m i . . .i-P"»· 4 c i bn — 4 ε 1 t n > 
so ρ divides /, for all », which contradicts the assumption. · 
2.4.11 From the previous lemma it follows that, if # 5 > 1, we can always find 
an ε G О J such that {/ε £ F((p»+i ). In particular this is possible if F φ Q and 
F is not an imaginary quadratic field. 
2.4.12 Proposition. IfK2(Os)/p is generated by classes of Dennts-Stem sym­
bols, then the p-prtmary part of K^Os) *s generated by Dennts-Stetn symbols 
(also i/Cp t F). 
Proof. This follows from the facts that Кг(Os) is finite and the power of a 
Dennis-Stein symbol is again a Dennis-Stein symbol. · 
2.4.13 Proposition. Let Τ denote the set of pnmes of F contatntng the pnmes 
of S and the pnmes dividing p. Then we have an exact sequence 
μ
ρ
®α(05) - ^ K 2 (Os)/p — 0 μρ • ^ • 0, (2.4) 
рет\т« 
where X is induced by the Hilbert symbols. 
Proof. From exact sequence 1.10 it is easy to see that we have an exact sequence 
о —• к 2 ( 0 5 ) —• к2(с7Т) —• e t ; —• o, 
P€T\S 
so we have an isomorphism 
K2(OS)/P^K2(OT)/P, 
since ρ does not divide # £ * for a p dividing p. We now have a commuting 
diagram 
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μ
Ρ
 ®а(От) - 1 * К2(От)/р -^» Θ μ? — - ^ — • ο 
рбТ\Тс 
μρ®α(σ5)-^Κ2(ο5)/ρ 
where the top row is exact by 2.2.5. Since μ
ρ
 ® Ct(Os) —• μρ ® о(От) is 
surjective the proposition follows. · 
2.4.14 Remark. 
• Notice that μρ ® (Χ(03) S /ip ® ff(05)(p)· 
• Notice that for a prime ρ € Τ \ 5 we have i(Cp ® [p]) = 1. 
Now we will give some applications of theorem 2.4.7. 
2.4.15 Proposition. Lei n,m € N* such that p\m and ρ generates (Z/m)*. 
Then the p-primory part of K2(Z[Cp»m]) «* generated by Dennis-Stein symbols. 
Proof. We may assume that Z[Cp»m] ^ 2,7[»]Д[р]. Let F = Q(Cp»m) and 
S the set of infinite primes of F. Since ρ ramifies completely in Q(Cp») and 
remains prime in Q(Cm) there is only one prime ρ in Q(Cp"m) dividing p. From 
exact sequence 2.4 it now follows that μ
ρ
 ® C£(Os) -^ K2(0s)/p is surjective. 
Since # 5 > 1 there is an ε € Z[(p«m]* such that tfe $ F(^p.+i) and since p 
ramifies completely in F((p«+i) we have that F(Çpn+i)/F is ramified and thus 
Cp.+i ^ H. Now we can use theorem 2.4.7 and proposition 2.4.12. · 
2.4.16 Now let d > 1 be a square free integer. Let F = Q(\/d) and Τ the set 
containing the infinite primes of F and the primes dividing 2. By 2.4.13 we then 
have the exact sequence 
/ i 2 ® ß ( C M - * - K 2 ( O F ) / 2 -^* 0 /І2 • μζ 0. 
Ρ€Τ 
Let ε be the fundamental unit of F. Since F(y/e) С R and F(i) £ R we have 
,/ε $ F(i) . Since F ( i ) / F is ramified in the infinite primes of F we now can apply 
theorem 2.4.7 and see that the image of i is generated by classes of Dennis-Stein 
symbols. Now suppose that the cokernel of i is generated by classes of Dennis-
Stein symbols. Then we even have that K 2 ( 0 F ) / 2 and thus the 2-primary part 
of KilOr) is generated by Dennis-Stein symbols. Notice that we have an exact 
sequence 
0 • cokernel ι - ^ - Θ μι • /^ • 0. 
per 
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Let r denote the non-trivial automorphism of F. If, for σ £ {lp, τ), we denote 
by X„ the Hilbert symbol corresponding to <r, then we have for α,β £ F*: 
χ <ι
η
 fí\\-¡ 1 if σ(α) > 0 ΟΓ σ№ > 0 ; 
^Ца, Pi) - γ _ !
 ¡f
 σ
φ < o and
 σ
(β) < 0. 
2.4.17 Proposition. Let d > 1 ie α square free integer such that d φ 1 
(mod 8) and Ν(ε) = —1, wAere e is the fundamental unit of Q(\/5). TAen 
the 2-primary part ofK^On,^) is generated by Dennis-Stein symbols. 
Proof. Since d φ 1 (mod 8) there is only one prime ρ of F dividing 2, so 
# Γ = 3. We have 
АіД{-1.-1}) = - 1 , 
A
r
({-1,-1}) = - 1 , 
λΐρ({-1,ε}) = 1 
and 
Λ
τ
({-1,£}) = - 1 . 
From this it follows that the cokernel of i in 2.4.16 is generated by {—1, —1} = 
(-1,-2) and {-Ι,ε} = ( - ! , « : - 1 ) . 
2.4.18 Example . The 2-primary part of ^{Ρ^,^Λ is generated by Dennis-
Stein symbols for 
¿ = 2,5,10,13,26,29,37,53,58,61,74,82,85,... 
2.4.19 Now we will take a closer look at the cokernel of the map i in 2.4.16 
when d ^ 1 (mod 8) and Ν(έ) = + 1 . We have 
A,,({-1>-1}) = - 1 , 
A
r
({-1,-1}) = - 1 . 
If we can find a Dennis-Stein symbol (a, 6) G К-ъірр) such that 
A l F ( M » = l. 
λ
τ
((α,6)) = - 1 
we see, since # T = 3, that the cokernel of i is generated by classes of Dennis-
Stein symbols and thus K2(CV)(2) is generated by Dennis-Stein symbols. 
Let p be the prime of F dividing 2. Let H denote the Hilbert class field of 
F and H' the extended Hilbert class field of F (see for example [11]). Then 
[H'/Tí] = 2. We will distinguish two cases: 
1. ρ ramifies in F(y/e). 
Then we have the following situation: 
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/ 
Ή! 
\ / 
F 
Let σ € Ga.l(n'(y/e)/F) such that σ\η = 1, σ\
ηι
 φ 1 and σ ^ ^ φ 1. 
Using lemma 2.4.2, let q be a finite prime of F such that 
• q does not divide 2. 
• q is not ramified in 7i'(y/ê). 
. φ*«* = σ. 
Then q = (α) for some о € OF such that о > 0 and ΛΓ(α) < 0 and 2 
divides the order of ε € (CV/q)*. So 
{ α , - ε · ^ 2 } = ( α , 1 ± ^ )
€
Κ 2 ( ^ ) 
and 
Λ 1 , ( { α . - ε 0 ( 7 ) / 2 } ) = 1. 
λ
τ
( Κ - ε 0 ( ? > / 2 } ) = - 1 . 
2. ρ remains prime in F(y/e). 
Then we have the following situation: 
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Ή' 
Η 
ПтЯ) 
F 
Let σ = φ*' and σι G ОаЦП'/П) such that σ1 φ 1. Let q be a finite 
prime of F such that 
• q does not divide 2. 
• q is not ramified in Ή.'. 
• Φ?' =σ-ισι. 
Then pq = (о) for some a G Op such that a > 0 and У (а) < 0 and 2 
divides the order of ? G {O F I a)*- Let m = o(ê) where ë G {Ор/ У- Then 
m is odd and 
{ Q )_ em 0( ?)/ 2 } = ( β | ι ± £ = ^ e κ,(σ,) 
and 
A 1 , ( K - e m o ( ? ) / 2 } ) = l , 
λ
τ
({α,-ε™ ( 7 ) / 2}) = -1· 
2.4.20 Example. We will now give examples of d's for which one of the pre­
ceding situations hold. 
First observe that since Ν(ε) = +1 we have Galois extensions Q(\/e)/Q and 
Q(\/=ê)/Q· Subfields of Q(y/ë) are Q(\/d), Q(Ve + l/ν/ε) and Q ( v £ - l/уД)-
Subfields of Q(v/=ë) are QiW), Q(>/=£ + l/V^ë) and Q(V=c - 1 / N / ^ ) . If 
d = 2 , 3 (mod 4) and ε = α + 6\/5 then >/£+ 1/>/ε = y/2a + 2, у/с- 1/Vg = 
\/5Г=^, v^T + l / v ^ ê = /-2а + 2 and y/=¿ - І/л/^ё = у/-2а - 2. If 
d = 5 (mod 8) and с = а + 6(1 + ^ ) / 2 then y/e + l/y/e = у/2а + 6-1-2, 
у/е-1/у/ё = у/2а + 6 - 2 ,
 ч
/ : = е+ 1/>/^ё = >/-2а - 6 + 2 and y/^ε- Ι/ν/^ε = 
- 2 а - 6 - 2 . 
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1. d = 5 (mod 8), 2 ramifies in Qív^a + 6 + 2) or Q(y2a + o - 2 ) . 
Examples: 
¿ = 21,69,77,93. 
d = 2,3 (mod 4), 2 ramifies in <i(y/2a + 2) and Q(^2a - 2). 
Examples: 
d = 6,14,22,38,42,46,62,78,86,94 
and 
¿ = 3,7,11,15,19,23,31,35,43,47,51,59,67,71,79,83,87,91. 
2. d = 2,3 (mod 4), 2 remains prime in Q(v/2a + 2) or Q ^ a - 2). 
Examples: 
¿=30,39,55,70,95. 
2.4.21 Example. F = Q(v/85), Ρ = 2. 
CÎ(PF) is cyclic of order 2 generated by the class of the ideal (3,1 + \/85) and 
(2) is a prime ideal in OF- SO CÎ{OF{\]) 2 Z/2 and i ( - l ® [(3,1 + У/Щ) φ 1. 
Let ε = 9 + ^ 5 . Then e is the fundamental unit of OF- We have 
=
 Г 1 (mod (3,1 + V85)); 
ε
~ \ - 1 (mod (3,1 - N/85)) 
and (3,1 + %/85)(3,1 - \/85) = (3), so 
¿ ( - І Я К З . І + ^ ) ] ) = {3,-£}2 
Since ^ ( ε ) = —1 we see that К2(Ог)/2 is generated by 
(З, ^ 1 ) , {-1,-1} and { Г Щ . 
2.4.22 Example. F = Q(/>, χ/85), ρ = 3. 
As in [29, 10.10] we have 
а{0
Р
)(і) Ξ « ( O Q ^ X S ) φ ff(0Q(v^25S))(3), 
where the isomorphism is induced by the norm maps on ideal class groups. Now 
^(^(^)) І 8 0 f 0 r d e r 2 "O ff(0Q(V85))(3) = !· W Q ( V ^ 5 5 ) ) - Z / 6 « Z / 2 
is generated by the class of (2, Ч - 2 5 5 ) which is of order 6 and the class of 
(3, y/— 255) which is of order 2. Since (2, '"^д""255) is a prime ideal in OF we see 
by 2.4.14 that the image of ι is generated by »'(/>®[(2, 1+v/¿"255)]) which is φ 1. 
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We have ( 2 , i ^ f ^ ) ( 5 3 , ІЗ + ^ Щ = (11Ь£Ш)
 a n
d (53,13 + ^^=255) is a 
prime ideal in Op- Let ε = 9 " l " j ^ . Then e is the fundamental unit of Oq/^/gö. 
We have 
(„od ( 2 , 1 1 ^ ) ) ; 
Up (mod (53,13 + yf^bb)), \ 38 + 
so 
e m - l 3 ( г€(0, - / (2 , і ± 4^)П; 
^
 ;
 \ 53 2 - 1 (e € ( O F / ( 5 3 , 13 + %/=255))·). 
We get 
We could also have noticed that 
€ = 1 ^ ^^.-ЛГО 
SO 
•{ 
" • • { : 
( m o d ( 2 , l ± ^ ) ) ; 
P2 (mod (2, 3=435)), 
(mod (2, ¿±451)); 
(mod(2,l=4?0)). 
Since ( 2 , 1 + ^ m ) { 2 , I ^ f U l ) = (2) we get 
2.4.23 Example. F = Q(/>, y/254) , ρ = 3. 
For later use we compute a non-trivial element in Κ2(Ορ)/3. 
Again we have 
a(0F)(3) S a(0 Q ( > ^54))(3) ®ff(0 Q ( yr 7 62 ) )(3) . 
^ ( ^ ( ^м)) i s generated by the class of (787,309 + %/254) which is of order 3 
and (3) is prime in Onr,/254)· Now 
(787,309 + v/254) = (787,309 + V254,28 + y/^)(787,309 + \/254,28 - ^ З ) 
in Op. We see that t(p®[(787,309 + v^54,28+v/=:3)]) is a non-trivial element in 
Ki(0F)ß. Let ε = 255+ 16\/254. Then e is the fundamental unit of ^(^254) · 
We have 
l î ^ i
 = ƒ ρ (mod (787,309 + \/254,28 + УЛЩ; 
ρ
2
 ( m o d ^ . S O g - v / ^ ^ e + v / ^ ) ) , 
- - { 
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so 
1 ц
 f2624 _ ί Ρ (mod (787,309 + ^254,28 + ^/ = 3)); 
ІУР }
~ \ \ (mod (787,309- ^254,28 + ^ ) ) . 
Since 
(787,309 + Ν/254, 28 + Ν / = 3 ) ( 7 8 7 , 309 - \/254,28 + Ν / ^ 3 ) = (28 + ^ ) 
we get 
i(p® [(787,309 + ^254,28 + v ^ ) ] ) = {28 + 7 = 3 , l / (pe 2 e 2 ) } 3 
2.5 Finding non-trivial elements in КъіОр) us­
ing h 
When F is an imaginary quadratic field we have very few units in OF, so we 
cannot hope that K 2 ( O F ) is generated by Dennis-Stein symbols. The lack of 
units makes it even hard to find non-trivial elements in K^Of·), using the map 
i. Now we can use the map Λ to detect elements in K^OF)· 
2.5.1 Example. F = Qív^Tf) , ρ = 2. 
Since CÍ(PF) is cyclic of order 4, generated by the class of the ideal (3, l+>/—17), 
and the class of the ideal (2,1 + \/—17) has order 2 we see from 2.4.13 and 2.2.5 
that K2(CV)/2 - Z/2 and Λ(-1 ® [(3,1 + sf^VJ)]) is a non-trivial element in 
K2(CV)/2, which we will now compute (see also the proof of 2.3.1). 
Let о = (3,1 + V^T?). b = (3,1 - V^Î7) and choose 
ao = 5 - V-17,6o = - 4 + \ / - 1 7 and с = 3. 
Then 
A = 
Now 
( 
' - 9 + 2у/^П 6 
2-6у/-П -9 + 2У/-П O l l - 1 
0 0 1/ V - 1 
- 9 + 2y/-ñ 6 
2 - 6у/-П - 9 + 2V^Î7 
0 0 
-9 + 2у/-П - 3 + 2 v ^ Ï 7 
2-6у/-П -7-Ау/-П 0 | C L J Í - I ) 
0 0 
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and we have 
and 
Let 
(-9 + 2 Λ / ^ Ϊ 7 ) 5 Ξ 1 (mod (-3 + 2</-Π)) 
(-7 - 4 ν ^ Ϊ 7 ) 2 = 1 (mod (2 - 6У/-П)). 
( -9 + 2^/=TÏ - 3 + 2 ^ Т 7 О' г - б ^ И -7-4у/-[7 О 
О 0 1, 
Bi = ci,2(-3 + 2v c T7)e 2 i i(-24494 - 4562V^Ï7) 
(-9 + 2 ^Т7) 5 - з + г ^ТТ О' 
-24494 - 4562N/=:Î7 1 О 
0 O l , 
and 
Яг = е 1 і2(-2 + б сГ7)с2,і(-4124 + 116 с Г 7 ) 
(-7-4У/-П)4 - 2 + 6v/^Î7 О' 
-4124+116>/^17 1 О 
О О 1 
" l i -
( 
Then we can use the method of [4, Lemma 1] to transform By to Às and B2 to 
( ( i - 1 ) ' ) 4 . We get 
A* = C2,i(-647806179-128683568 ^П)е2,з(-1) 
ез,2(6318660625 - 9095602584/^17)51 e2,i(-81164 + 2&508\/-Ϊ7) 
еі,з(-35037 + 23808ч/-Г7)е2,з(16 + 2ν^Ϊ7)β3,2(784 + imV-ïï) 
ез,і(-1)еі,з(-185 - 64 С Г7)е 2 г 1 (-16 - 2 /-Г7)ез,і(187+ біу/^П) 
с1,2(591670992 + 30176106^^17)61,3(32420174 - 2185858%/^) 
С2,з(-9 + 2 Λ / ^ Ϊ 7 ) 6 3 , Ι ( 2 9 7 3 5 1 4 3 5 3 6 9 0 9 3 - 247408965066014ν^Ϊ7) 
сз,2(-148910332372493- 182538181 №058\/-П) 
and 
((À-1),)4 = е2,і(427957-346848 ^Г7)е 2 ,з(-1) 
ез,2(34522373 + 3261368ν/::Τ7)5262,ι(6552 + 714VCÏ7) 
сі,з(-970 - 1458л/-І7)е2,з(15 + 2 сГ7)ез,2(-203 - 66л/-Й) 
ез,і(-1)еі.з(18 + 2л/=й)е2л(;-15 - 2^=17) 
ез,і(171 + 62%/^І7)еі,2(1438966 - 359994%/=Т7) 
еі,з(33066 - 2 6 7 3 4 Ν / ^ Ϊ 7 ) 6 2 , 3 ( - 7 - 4У/-П) 
ез.і(-37802419165- 36572171094V-Tz) 
ез,2(-49782325739 + 50802687168>ЛГ7). 
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Since 
À = À*(({À-l)r), 
we can take as lift of A in St(CV) 
Ζ = аг2
і
і(-б47806179-128683568 с 17)х2 1 з(-1) 
із,2(6318660625- №56Q2b8y/-ïï)xij(-3 + 2v^Ï7) 
Х2,і(-10Ъ658 + 23946 /^17)2:і,з(-35037 + 23808ν^Ϊ7) 
і 2 і з ( 1 6 + 2л/=Т7)л:з>2(784 + 1394 с Г7)хз 1 і(-1)*і,з(-185 - 64ν/^Ϊ7) 
ι 2 ι ι ( - 1 6 - 2ν/^Ϊ7)ΐΤ3,ι(187 + 64>/=Τ7) 
χι
ι
2(591670992 + З017б106>/Л7)хі,з(32420174 - 2185858ч/-Г7) 
х2,з(-9 + 2vcÏ7)x3,i(297351435369093 - 2474089650660Ыу/-п) 
хз,2(-148910332372493 - 182538181169058\/-Ï7) 
Х2,з(-49782325739 + 50802687168 V-ïï) 
хі
і
з(-37802419165 - 36572171094%/М7)хз,2(-7 - А -П) 
ХЗ.І(33066 - 26734ν^Ϊ7)χ2,ι( 1438966 - 359994^^17) 
«1,3(171 + в2л/=17)хі,а(-15 - 2%/=Т7)хз,і(18 + 2 ^П)х1і3(-1) 
Х2,з(-203 - бб ^-Гг^з.гЦо + 2 /=Т7)хз,і(-970 - 1458ν^Ϊ7) 
11,2(2428 + 830v cÏ7)x2, i ( -2 + 6Λ/-Ϊ7 ) 
Х2,з(34522373 + 3261368/Л7)хз,2(-1)х1,2(427956- 346848%/-Г7) 
Л2,з(-1) 
and we have 
Л(-1 ® [(3,1 + >/=Ϊ7)]) = Z4-1, - 1 } . 
Notice that by [3, 3.4.1] we have K2(CV)/4 S 2/4 and since Z 2 { - 1 , - 1 } gen­
erates K2(0/-)/4 we have Z 2 { - 1 , - 1 } φ { - 1 , - 1 } . 
As mentioned in 2.3.2 we now also have an element in K^^F) which maps 
under 7(3
Ι 1 + > /ΓΪ7) to —1 and under r, toT for all finite q ^ (3,1+v/—17). Writing 
this element as a product of Steinberg symbols however yields an expression 
containing several pages. 
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Chapter 3 
Adjoining a primitive rfi1 
root of unity 
In this chapter we will study K2(0s)/n when the field F does not contain a 
primitive n t h root of unity. We will do this by adjoining a primitive n t h root of 
unity to F and then use the transfer map to go back to F. In this way we get a 
homomorphism j : μ
η
 фкегУ —• KaíOs) /" where N is the norm map on ideal 
class groups. 
In the first section we study this map and give another description of it, 
not involving the transfer map. In the next section we will use this map to 
prove another theorem on the generation of part of K2(Os) by Dennis-Stein 
symbols. Some applications and examples are included. In the third section 
we will combine the results from chapter 2 and this chapter to prove for many 
number fields F that K^OF) is generated by Dennis-Stein symbols. Also we 
will give a table of generators for K^iOp) for some real quadratic number fields 
F. In the last section we will show how to use the map j to find elements in 
K2(Cs) when the preceding technique does not work. 
3.1 The map j : μ
η
 О ker Ν -* K2(Os)/n 
In this section we will define a homomorphism j : μ
η
 ® ker N —• Κ2(0$)/η using 
the transfer map, where N denotes the norm map on ideal class groups. We will 
give another description of this map which does not involve the transfer map. 
Finally we will study injectiveness of this map. 
3.1.1 Let F be a number field not containing a primitive n t h root of unity and 
let 5 be a set of primes of F. Let L denote a splitting field of Xn — 1 over F 
(assuming that L С С) and let d = [L/F] denote the degree of L over F. Then 
L contains a primitive n t h root of unity. Let Τ denote the set of primes of L 
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above the primes in S. Let Γ = Gai(L/F) denote the Galois group of L over 
F. Then there is a natural isomorphism of Γ with a subgroup of (Z/n)" which 
maps 7 to 5 if 7(C) = ζα for all ζ G μ„. 
By the theory of the preceding sections we have a map 
Let N denote the norm map 
N:a(OT)^Ce(Os). 
We will now consider the composite map 
j : μ
η
 ® ker Ν - μ
η
 ® «(От) ± K 2 (0 T )/n -^ K2(Os)/n. 
From now on we will assume that η = ρ' for some odd prime ρ and 
some positive integer e and that 5 contains the primes dividing p. 
Notice that ρ is a unit in Os-
3.1.2 Lemma. Let ζ G μη be a primitive nth root of unity. Then От = Os[C]i 
so as an О s-module От ·* /гее of rank d with basts ( Ι , ζ , . . -,ί ' ' - 1) · 
Proof. От is the integral closure of Os in L, so by [26, 4.11] 
пОт С ös[C]· 
Since η is a unit in Os the lemma follows. · 
3.1.3 Lemma. Let a be an ideal of От such that [a] £ ker N. Then a considered 
as an О s-module is free of rank d. 
Proof. Since От is free of rank d as an Oj-module the following diagram 
commutes by 1.3.6 
Ыо^-^геЩОт) 
tl •d®N 
K0(Os)^~i<Ba(Os) 
Let as denote the module a considered as an Os-module. [a] maps under 
the top isomorphism to (l,[a]) so [as] maps under the bottom isomorphism 
to (d, ΛΓ([α])) = (d, [Os]) and so, by construction of the isomorphism, as — Og 
as an Os-module. · 
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3.1.4 Notation. Let α be an ideal of От such that [a] € ker N and let ζ G μ
η
. 
We will denote by A, £ GL^Os) the matrix of multiplication by ( on some 
Os-basie of a. 
Notice that (Л?)" = 1 and that Л" is uniquely determined except for con­
jugation with an element of GL^Os)-
3.1.5 L e m m a . If F contains no prtmiitve p t h root of unity, then det(A") = 1. 
If F contains a primitive p t h rooi of unity, then det(.A?) = ζ'1. 
Proof. Since det(A\) = (det(A*))k we may assume that ζ is a primitive n t h 
root of unity. Let m € 0s[-X] be the minimum polynomial of ζ over F. Then 
т(Л?) = 0 and since m is irreducible over F, m is the minimum polynomial 
of Л?. Since deg(m) = d, m is also the characteristic polynomial of Ai and so 
d e t ^ · ) = JVftC). 
If F contains no primitive p t h root of unity, then Νρ(ζ) G (С) Π F = {1} so 
det(yl£)= 1. 
If F contains a primitive p t h root of unity, then 
m = Xd-C'i. 
So 
det(>l
c
') = ^ ( C ) = (-l)' , + 1C , i=C<', 
since d is odd. · 
3.1.6 N o t a t i o n . For a ring R and a monic polynomial ƒ € R[X] we will denote 
by Aj the companion matrix of/, i.e. if ƒ = Xk -\-aic-iXk~l H t-aiX + ao, 
then ( 0 . . . 0 - ao \ 1 
1 - a * - i / 
3.1.7 Remark . Notice that [От] € ker N and for a primitive n t h root of unity 
С € μη we can take (1, ζ,..., ζ*'') as Os-basis of От. so we get 
Αζ = A
m(, 
where m^ is the minimum polynomial of С over F. 
3.1.8 Now suppose that F contains no primitive p t h root of unity and let С be a 
primitive n t h root of unity. By 3 1.5 we have det(i4^ r ) = 1 so A°T G
 n
SL(05). 
Since by 1.4.7 we have SL(Os) = E(Os), we have A°T G
 П
Е ( 0 5 ) · Since AfT 
is uniquely determined except for conjugation with an element of GLd(Os), the 
element l(A°T) G K2(0s)/n is uniquely defined (here / is as in 2.1.1). We will 
now investigate 1(А?Т). 
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3.1.9 Let 
Я = { < г | д (
С
) к е Г } = {Л 1 )...,ЛЛ 
and let σ ι , . . . ,σ
υ
 € Gal(Q(C)/Q) such that 
f = [Q(C)/Q]M 
σι = 1Q ( Í ) 
and 
Gal(Q(C)/Q) = Ησ1υ...υΗσυ. 
Let m denote the minimum polynomial of ζ over Q and let m, denote the 
minimum polynomial of σί(0 over F. Then m is of degree D = <p(n), where φ 
is the totient function, and m, is of degree d. Notice that m,· £ Ζ[ζ][Χ]. Let 
d' = d - 1, ЕУ = D - 1 and ν' = ν - 1. Say 
r O - l 
m = Χ
υ
 + αο-ι Χ"'1 +-+α
ι
Χ + αοΕ 1[Χ] 
and 
m,· = Xd + a,d_1X
<
'-
1
 + ... + ojιΛ- + Ojо 6 l[(\[X]. 
lî К is a. field, f = Xk + bt-iX1"1 + • • • + б і * + 6o € Л'[Х] and α G AT is such 
that f (a) = 0, then 
(боа*"1,боа*"2 + Ь
іа
к
-\.. „боа + 6 1а
2
 + - • · + ό 4 _ 2 α * - \ -α*) G AT* 
is an eigenvector of Aj with eigenvalue a. Notice that 
wt-i / боа* 
боа*"
2 + 6 ^ * - ' 
\ 
боа + б 1а
2
 + ·· -|-б
к
_2а*-1 
/ 
бо бі 
бо \ 
"k-ì 
( 1 \ 
а 
„4-2 
(3.1) 
бо б! .. Ъ
к
-у) Va*" 1/ 
Now let 
( Äiffi(l) 
Ai^(CD') 
in Mat£,(Z[C]) and 
У = 
Κ
ά
σ
χ
{\) /»^2(1) 
Λασ,ίΟ Λισ2(ζ) Λ<ισ»(0 
Adff^C0') A l f f 2(CD ') ··• hdav(CD')/ 
a0 αχ 
€ MatD(Z). 
kflO a i ao J 
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From equation 3.1 we deduce that 
(YXy'AmiYX) 
/Лі'і(С) 
WC) 
ΛιΜΟ 
(3.2) 
Ad*. (О/ 
in Matß(Q(C)). Now (det(X))2 = discíl, С, · · ·,CD') € Ζ and discQ, С, · · •, ζ0') 
divides nD so we have X € GL0(Z[C][i]). Since ao = N J ( C ) ( C ) = 1 we have 
Y £ GLD(Z). We see that equation 3.2 even holds in MatD(Z[C][£]). 
Let 
**r,(l) 
M.(C) , 
' € Matd(Z[C]) A:, = 
/ Λισ,(1) 
' Αισ,(0 
and 
• /»¿σ,«"'), 
Vi = 
\ α, ο α, ι 
From equation 3.1 we deduce 
(Y,X,)-1A
m
,(YlXl) = 
G Matd(Z[C]). 
(3.3) 
ÄWC), 
in Matd(Q(C)). Now (detiA-,))2 = diec(l,a,(0. · ' •^ΛΟ"') G Z[C] and 
diec(l,ff,(C),· · ·,σ,(0< ' ,) divides n"* so we have X, G СЬа(г[С][^]). Since α,ο = 
ЛГ£(0 = 1 we have У, G GLd(Z[C]) We see that equation 3.3 even holds in 
Mat,(Z[C][l]). 
From equations 3.2 and 3.3 it follows that 
(YXr'AmiYX) 
YlXl Ami 
ΎιΧι 
Υ
ν
Λ
ν 
YnXt, 
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so 
•Ліщ 
= T-lA
m
T 
where 
Τ = YX 
= YX 
С • ) 
\ γ
υ
χ
υ
 I 
-ι 
'ΧΓ
1 
'Yi -ι 
χ;' 
in GLD(Z[C][¿]) С GL D (0 T ) . Let 
Д = ' 
A ^ í « - ) , 
Then 
Χ = 
Λ Ί Ο ! x2D2 Λ:,Ο„ 
х ! ^ ' лгг '^ ··· хЖ 
r-\ 
and so 
χ\ - i 
ΧχΰχΧ^ X2D2X21 XvDvX-1 
,(XlDlXïlY' (Х202Х;1У' · · · (xvDvx-ly'/ 
For Λ € Я there is a permutation matrix Ρ £ GL^Z) such that h(Xi) = XiP 
and h(Di) = P~lDiP. From this we see that for all ή € Я we have 
χι 
- 1 
•x? 
h X = x 
X.T1 
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so r - 1 
€ MaitD{F). 
Since also Y,Y, € Mat^F) we have Τ € Mati>(F) and since Τ G GLIJ(OT) we 
even have Τ G GLD(Os). 
Now let i = {1, σ,(0, ^і(С)2. · · ·. σι(ζ)α') be an Os-basis of От and let A,, G 
GLj(Os) be the matrix of multiplication with σ}(ζ) on the basis i. Let S,j G 
G L < Í ( 0 5 ) be the transition matrix from basis i to basis j . Then 
Λ; » = " ^ ι AjjSjt. 
Notice that 
Let 6,, G Ζ such that «τ,«) = σ , « ) 6 " , then Atl = (Л ; ,) 6 , J and so 
A —A —(At ϊ 6 · 1 — Я~1 А ь , і <?. — Ç " 1 / ! * · 1 <?, 
•rim, — -ГІІІ — ^ і , ; — j j j / i j j O i t — O j , л
т і
 Jit· 
Now let 
' 1 1 
- i 
W = T eGLD(Os), 
then 
5ι,,, 
•rim. 
і -
1
л
т
і = 
A'·.' 
(3.4) 
3.1.10 Proposition. If F contains no primitive pth root of unity, then we have 
l(AfT) = 1. 
Proof. We have A°T = A
mi and since by 1.4.7 we have SL(Os) = E(Os), we 
can choose χ G St(Os) such that φ(χ) = A
mi. Then l(AfT) = x*. From 3.4 we 
deduce 
- i 
/^i 
4 * . I 
(3.5) 
W 
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Since det(Aro) = N¡U\c) = 1 we have Am G SL(Z) = E(Z). Let y € St(Z) be 
such that ф(у) = A
m
. Since 
к ^ -0 G E(Os) 
and A
m
 £ nE(Z) we see from equation 3.5 that 
in K2(Os)/n. Now y" G K2(Z) and K2(Z) 2 1/2 so y" has exponent 2 and so, 
since η is odd, y^ = 1 in K2(Z)/n as well as in K2(Os)/n. 
Since ρ is odd, (Z/n)* is cyclic. Let α € Ζ be such that ö is a generator 
of (Z/n)*. If we identify Gal(Q(C)/Q) with (Z/n)*, Я corresponds to the sub­
group generated by äD/d and we can choose σ ι , . . . , σ„ such that {<Т\,...,а„} 
corresponds to {T,S,.. .läD/d~1}. Then we can take 6 i i , . . . , 6 v i such that 
{ 4 ι ι , . . . Α ι } = {1,α a 0 / " " 1 } . We get 
.D/i-l l = ÇÏ*)l+a+ + α " " = ( ? г ) а ^ = г ' . (3.6) 
I f p | ( a i 5 / , i - l ) then (p- l ) | (D/( í ) since 5 also generates (Z/p)*. But then dip" - 1 , 
which contradicts the fact that F contains no primitive p t h root of unity. So 
gcd(n, aDld — 1) = 1 and so from equation 3.6 it follows that z" = 1. · 
3.1.11 Remark . In the preceding proposition we could also have proved that 
y'7 = 1 without using the fact that K2(Z) = Z/2 but by direct calculation as 
follows. 
Let 
U = 
( / . -
—Ipt-i 
Α.— \ 
— Ipt-l Ipt-l ) 
€ Mat„(Z), 
then 
in Matn(Q). Now 
i r M x - ^ C -
 Αχ
^_) (3.7) 
υ. 
det(C/) = det = ( d e t ( ^ ) ) ' ' 
i/0 
where 
Ό9 = 
Ζ
1 
- 1 
л 
-1 1/ 
G Matp(Z). 
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An easy inductive argument shows that det(f/p) = ρ so equation 3.7 even holds 
in Mat
n
(Z[i]). Since Λ χ . - ι , Λ χ , - ' . ! G
 n
E(Z) it follows that if x.z € St(Z) 
are such that φ(χ) = Αχ·^\ and φ(ζ) = Α
χ
,.-ι_1 then 
Х^ = y" ~pt 
in K2(Z[ì])/n. We can take 
* = U>1,2(-1)U>2,3(-1) · · •U'n-l.ní-l) 
and 
« = «» l , 2 ( - l ) « '2 1 3( - l ) -" t»p . - i _ l 1 p . - i ( - l ) 
and from the following lemma it follows that then xn and zn are both equal to 
1 or {—1, —1}. Since η is odd it follows that x" = z" = 1 and so y" = 1. 
3.1.12 Lemma. For ib > 2 we have 
(и/і,2(-1)и>2,з(-1) · · -Wk-1,*(-!))* 
{-1,-1} І/ІЬ = 3,5 (mod8); 
1 i / i b = l , 7 (mod8). 
Proof. If it = 2 the lemma follows from wi 2(— I ) 2 = Ή 2(— 1), so suppose that 
it > 2. 
If к is even we have 
(wi.aC-Otito.st-l) · · · » f l + i i - l ) • ••«'t-i.t(-l)) t 
= К * - н ( ( - 1 ) * / 2 Ь , 2 ( - 1 ) ' · - ^ - i . ^ - ^ + i . H ^ - 1 ) ' · ^ - Ы - І ) ) * 
= ( « Ί . 4 + , ( ( - 1 ) 4 / 2 Κ ί + 2 ( ( - 1 ) * / 2 ) · · • « ' * , t ( ( - l ) t / 2 ) ) 2 
Κ , ί ί - Ι ) · · •ι^., , ι(-1))*(«,
і + 1 і | + а (-1) · · .ι»*_ι,*(-1))* 
= (*). 
Now if t/2 is odd then 
(*) = Ai.*+i(-l)---Aft(-l) 
(Κ,2(-1) · · ^ . ^ ( - 1 ) ) ^ ) 2 ( (
η + 1 ι Η 2 ( - 1 ) ·. · w^A-l))^)2 
= V í + i í - 1 ) · · ·Λ4ι*(-1) 
and if ib/2 is even then 
(*) = 'M + 1 (- i )-4*(- 1 H-i.- i} t / 2 
( K , 2 ( - i ) · • • « ' $ - , . ! ( - і ) ) * / 2 ) а ( ( и
Ч + 1 і ! + а ( - і ) · · · « * - i , * ( - i ) ) * / a ) 2 
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= '>i.*+i(-1)-4*(-1) 
(ЧьЛ-1) · · · Ч4(-і))2(л
Ніі
¥+1(-і) · · · Ч.Л-1))2 
= , Λι,ΐ+ιί-Ι) · · · Ч * ( - 1 ) { - 1 , - l } t / 4 { - l , - l } t / 4 
= Л 1 1 Н і ( - 1 ) - Л * . * ( - 1 ) · 
If i; is odd we have 
(и>і,2(-1)и>2,з(-1) · · •«'t-3.t-i(-l)u'i-i,t(-l)) k 
= (wiik{l)wit2(-l)w3i3(-l) • •••u>k-2,k-i(-l))k 
= ti;i it(l)u;2,t(l) · · - ΐ ί ^ - ι , ^ ΐ ^ ι , ^ - ί χ ω ^ ^ ΐ ) · · iDt-z . t- i í - l ) )* 
= U>2,1(1)^3,1(1) · ••Wt-lti(l)(wit2(-l) • • • W*_2,ib-l(-l))fc 
= ΐίΊ,2(-1)»ίΊ,3(-1) · · • f ' i . t - i í - lXu'i .JÍ- l ) · · · ω*-2,*-ι(-1))* 
= ιι»ι,2(-1)«Ί,3(-1)···«Ί,*-ι(-1)«Ί,2(-1)···ω4-2,*-ι(-1) 
( ι β ι ^ - Ι ) · · · ! » » ^ . * - ^ - ! ) ) ' " 1 
= ^ ( - l ^ u M - l ì V e t - l ) 2 •••u;fc_ïit_1(-l)a 
(«»^(-^•••и'к-з.к-К-!))*"1 
= Лі,2(-1)Лз,4(-1) •••Л4_2,*-і(-1) 
/ » l r J - l + 1(-l)/»2,i ii+2(-1) • · '»І^і,t_i(-l) 
^
9
 Λι,2(-1) •·Λ*-2,*-ι(-1) 
Λ ι , 2 ( - ΐ ) · · · Λ » - 2 . * - ι ( - ΐ Η - ι . - ΐ } ^ ( ± ^ - 1 ) / 2 
if ib Ξ 3, 
if* = 1,7 (mod 8). 
Γ { - 1 , - 1 } if ib = 3,5 (mod 8); 
3.1.13 Now we will take a closer look at the map j and we will fìnd a nice 
description of it. 
Let α be an ideal of От such that [a] G ker N and let ζ be a primitive n t h 
root of unity. To compute Λ(ζ ® [0]) we choose an ideal b G [û] - 1 such that 
α and b are relatively prime and some Ox-basis of α φ b φ От- Let A be the 
matrix of Co Φ Η Φ (С_ 1)от o n the chosen basis, then Λ
βι
ζ = 1(A). By 2.1.4 we 
have tr(/(j4)) = l(b(A)). Now 6(Л) is the matrix of Co Φ U Φ (ζ~ι)θτ o n a n 
05-basÍ8 of α φ b φ От- Since a,b and От are free 0s-modules we can choose 
Os-bases of o,b and От and together they make up an O^-basis of α φ b Θ От· 
Let A' be the matrix of Co Φ U Φ (ζ~1)θτ o n this new basis. Then by 2.1.3 
ЩА)) = 1{A'). 
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We have 
,4' = 
if T V (Af-)-1 
3.1.14 T h e o r e m . If F contains no primitive p t h root of unity, then 
i(C®[a]) = /(i4j). 
Proof. By 2.1.31 we have Л(С ® [o]) = /ι0ρί. Since Af, A°T G nE{Ps) we thus 
have 
3{ζ®[α)) = 1{Α·) = 1{Α\)1{Α°')-\ 
so the theorem follows from 3.1.10. · 
3.1.15 T h e o r e m . If F contains a pnmiltve p t h root of unity, then 
Ж ® [ а ] ) = / ( ( Л '
 c d ) ) . 
Proof. By 2.1.31 we have ft(C ® [o]) = Л
а
, (. Thus 
Ж
в
М ) = -(Ж, = , ( ( ^
 ( < T ) . , ) ) . 
Since X'' — ζά is the minimum polynomial of ζ over F we have 
A?T = 
/o ··· о o*' 
1 0 
1 0 
so 
0 г 
0 
1 о/ / 
Let 
У = и\1+1,а+2(-1)иМ+2,а+з(-1) · · · 11>Μ-1,2*(-1), 
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then 
ih 
Ф(у) = 
0 г 
о 
1 о/ / 
and / € K2(Os)· 
Since (Al)-1 ί1'-1
 ζ
Λ and ф(у), ^AÍJ+I . ÍÍC")) (i € {d + 1, . . .,2d}) are 
"disjoint" there is χ € St (Os) such that 
^ ( χ ) = ( Λ - ) - 1 ( / < ' - 1
 C d ) . 
[*,У] = 1 
[x,h2d+ìACd)] = 1 for all i e {d+ 1,.. .,2d}. 
and 
Since 
we have 
Now 
* ( * л - + і , Ж - ) » ) = ( М < " ) " ^ ) 
' ( ( ^ μστ ) . ι ) )=((« Α « '+ ι .-« , ' )») η Γ 1 . 
(xл<í+,l(í(<:'í)y)<, = іЛ(,+1,<,(с<')іЛа+2і(,(С<') · · •xh2dACd)y't 
and by 1.5.8 
(A2<i+i.(í+i(C',)'«2<í+i,<í+2(Cd) · · •Лаі+і.гЖ"))"" 
= ({_1)ζ<'}Ϊ(Ϊ-1)/2)<<(<<+1)/2 
= ({_l)^jn/<lj(}-l)d(d+l)/4 
= ι, 
so 
(xhd+ìACd)y)n 
= (*fc¿+i1¿(Cí)*A<M.a,í(Cí) • · - х А г ^ С V ) n / < 1 
= (xhd+lACd)xhd+2ACd) • • • xh2dACd))nldyn 
= (xhd+iA<;d)zhd+2Acd) • ••*h2dA<;d))n,d 
(А
а - + і,а+ і(С -)Аа - + і і 4,+а(С -) · · •A2<(+i,2d(C<'))n/V. 
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We have 
(xhd+lACd) • •xhuAC'Wbd+ij+iiC*) • · · A2<i+1(2<,(Cd)) 
= («fc*f i1í(Cí)Aa*n1¿+i(C'l))(*Aí+ai(,(Cí)A2-+llí+a(Cí)) • • · 
• • • (*WC')Aa*n,M(Cd ) ) 
= (гЬн+іЛС))'. 
since hkj(u)hiAu) = A,j(u), so 
(xhd+iACd) • · ·χA2d,<í(C',))n/<,(л2<j+1,<l+1(c<,) · · · h2d+l>2d(Cd)r"' 
= (XAÍ+I^ÍC - ) · · •xh2dACd))*-l(*h2d+iACd))d 
' ^
7
 (*A*n,d(C -) · · · zΛ 2 d , ( / (<; d ))*- 2 (*A 2 < i + м (c , ' ) ) 2 < , 
(A2d+i,<<+i(Cd) · · •A2 < i + 1,2 ( i(C , ,))*-2{C<',C , ,} , , a 
= (xhu+iACd))n{Cd,cY{i+2+ + ( * - , ) ) 
= (xA2 ( i + 1, ( <(cd))n({C< i,C<'}n / , i) (*-1 ) < , 3 / 2 
= (xh2d+1Atd))n. 
Thus 
(«Л (,+ м(С') ) , , = (*Ам+м(С))"іЛ 
By 3.1.12 we havey d = 1 or y«* = {-1,-1} so y" = 1 or y" = {-1,-1}. Since 
η is odd we have y" = 1 and so 
Ж в М ) = ( («AM+L^C))")- 1 
= ((*AM + MK'))-i)». 
Since 
*((*A2 i + I. -(C , ,))-1)= ( C / J 
we have 
«•»••(Γν))-'^ ^)· 
and the theorem is proved. · 
Since A is a homomorphism of Aut((?7)-modules it is also a homomorphism of 
Г-modules, so A induces a homomorphism 
Λ: (μ
η
 ® а(От))г - (К2(От)/п)г. 
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Since tr induces a map tr: (К2(0т)/п)г —» Ki(Os)/n (see [15]) we can describe 
the map j also as the composite 
μ
η
 ® ker ЛГ -» (/!„ ® а ( О т ) ) г - (К
а
(От)/п)г * K 2 ( O s ) / n . 
3.1.16 Proposition. TAe map 
і г : (К
а
(От)/п)г^К 3 (05)/п 
M in fact an isomorphism. 
Proof. This follows from [15, 6.2] since η is odd. · 
From 2.2.5 we know that the map μ
η
 ®С£(От) —* Κ-ΐ(Οτ)/η is injective. 
3.1.17 Propos i t ion. The map 
{μ
η
®α(Οτ))Γ - (K
a
(Or)/n)r 
is also injective. 
Proof. By 2.2.5 we have an exact sequence 
0 - / i n ® « ( О т ) -К,{От)/п •( φ
 μη) - О , 
where 
( Θ μ«) = k e r ( φ μ
η
^ μ „ ) . 
ч
яет\т
с
 / 0 ч
чет\т
е
 / 
As in [15, 6.5] we have that ((¡)аст\т
с
 ^η)ο is a cohomologically trivial Г-module. 
The proposition now follows. · 
3.1.18 Proposition. If F contains no primitive p t h root of unity, then the 
map 
μη®ί«χΝ->{μη®<Χ(Οτ))Γ 
is surjective. 
Proof. Since μ
η
 ® (Χ(Οτ)(ρ) —• μη ® С£(От) is an isomorphism we can also 
prove that ζ ® χ is in the image for all χ € СІ(От)(р)· 
Let χ G (Х(От)(р) and say xp = 1 for some integer t. Since F contains no 
primitive p t h root of unity there is a γ G Γ such that γ(ζ) = ζα for all n t h roots 
of unity, where α É^ 1 (mod ρ). Let 6, с G Ζ such that bp' + c(l — a) = 1. Then 
c®* 
, 
( C ® , 
к®. 
к®. 
*)((C®s) 
r)(C®i)-
r)(C®i)-
-«).--» 
е
ЫС)®7(х))е 
e(C®7W)e e 
= Ceix1-^!)")· 
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Now 
N(zl-ey(x)ac) = Ν(ζγ-ΐ+α° 
= N{x)^'^', 
= Ν(χ^') 
= ^ ( 1 ) 
= ι, 
and the proposition is proved. · 
3.1.19 Corollary. The map 
(μ
η
®α(οτ))Γ-+Κ2(05)/τι 
is injeciive. If moreover F coniains no primitive p t h rooi of unity, then the 
image of this map is equal to the image of j . 
3.1.20 Proposition. If # Γ = 2, then 
/ і
п
® к е г Л Г ^ ( / і
п
® ( 2 ( О т ) ) г 
is an isomorphism. 
Proof. Let Ν:(Χ(Οτ){ρ) -* ЩОз)(р) denote the map induced by TV on the p-
primary parts. Since /i„®ker TV —• р
п
®кег TV and μη®(Χ(Οτ)(ρ) —» μη®0ί(Οτ) 
are isomorphisms it is enough to prove that 
μ
η
 ® ker TV _ (μ
η
 ® а(От)(р))г 
is an isomorphism. Let 7 denote the non-trivial element of Г. Then 7(C) = ζ - 1 
for С € /in- Let 7 denote the action of 7 on Сі(От){р) and let 7 denote the 
action of 7 on μη ® Сі(От){р)-
From the commuting diagram 
<X{OT)(P) J d : ^ ce(oT)(p) 
Ct(Os)(p) Ci(Os)(p) 
it follows that ker TV = ker(l + 7). For χ E кег(1 + у) and ζ e μ
η
 we have 
7(C®z) = Γ ' β τ ί « ) 
= Г
1
 »χ"
1 
= С® χ, 
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βο ζ ® * € (μη ® #(Οτ)(ρ)) Γ · Since (η, #Γ) = 1 we have an isomorphism 
(μ™ ®(Х(От)(р))г ^ (μη®(Χ(Οτ)(ρ))Γ 
and from the commuting diagram 
(μ
η
®α(Οτ)(ρ))Γ -Цъ (μη®α(Οτ)(ρ))Γ 
μ
η
 ® кег(1 + у) 1®2 • μ
η
 ® ker(l + 7) 
it follows that we only have to prove that 
μ
η
 ® ker(l + 7) — (μ
η
 ® α(Οτ)(ρ))Γ 
is an isomorphism. We have an exact sequence 
0 ker(l + 7) (Χ(Οτ)(ρ) -liî* im(l + 7) •О 
and since ( I + 7 ) 2 = 2(1+7) a n ( l n ' s odd this sequence is split exact. Tensoring 
this exact sequence with μ
η
 we get a split exact sequence 
0 • μ
η
 ® ker(l + 7) • μ
η
 ® α(Οτ)(ρ) • μ„ ® im(l + 7) 0. 
For χ G Се(От)(р) and С € μη we have in μ
η
 ® С£(От)(р) 
С®(1 + 7)(*) = (C®*)(C®7(*)) 
= (С® «КС-1® f i * ) ) - 1 
= (Св^ЖС®*))"1 
= ( 1 - 7 ) ( C ® * ) . 
From this we see that 
0 • μη ® ker(l + 7) * μ
η
 ® α(Οτ){ρ) -^—^ im(l - 7) 0 
is also exact and so 
/i
n
®ker(l + 7) S k e r ( l - 7 ) 
= (μη®α(Οτ)(ρ))Γ. 
3.1.21 Corollary. If # Γ = 2, then j is injective. 
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Proof. Combine 3.1.19 and 3.1.20. • 
3.1.22 Remark. If η = 3 and 5 is the set containing the infinite primes of F 
and the primes of F dividing 3, then the map Gj in [7, V.3.5] is essentially the 
same as our map j . If we take in the definition of j the map t instead of h, then 
we see that the map Gi in [7, V.3.4] is essentially the same as j . Since /ι = i we 
see that the maps G\ and Gj coincide, even when 3|[F/Q]. 
3.2 Generators for the p-primary part of K2(ös) 
(CP 0 Os) 
In this section we will give an application of the map j . For a number field F 
not containing a primitive pch root of unity (p an odd prime) and a set S of 
primes of F such that # 5 > 1 we will prove that under some conditions the 
image of j is generated by Dennis-Stein symbols. Using this we will be able to 
point out many rings О s such that the p-primary part of ^ ( O s ) is generated 
by Dennis-Stein symbols. 
3.2.1 Let ρ be an odd prime and F a number field not containing a primitive 
p t h root of unity. Let S be a set of primes of F . Let L denote a splitting field of 
χρ — ι over F (assuming that L С С), Г = Gal(L/F) and Τ the set of primes 
of L dividing those of 5. Then we have the map ϊ:μ
ρ
 ® Iter TV —• K2(Os)/p. 
We will take another look at this map but now we will take in its definition the 
map » instead of Λ. Let ε G 0'
s
 and ζρ a primitive p t h root of unity. 
Let q £ Τ be a prime of L such that q \ ρ and [q] G Ver N, let ρ = q П F 
and suppose that ρ splits completely in L. Then N([q]) = [p] so ρ is a principal 
ideal of 0 5 , say ρ = aOs for some α G Os • 
3.2.2 L e m m a . If ρ divides the order ofI£ (Os/p)', then j(Cp ® [q]) is the 
class of a Dennis-Stein symbol. 
Proof. U t 1 G K2(L) such that r t ( i ) = Ср' ( ч ) G ¿* for all primes с g T. Then 
І(Ср ® [q]) = tr(xP). Since p splits completely in L we have an isomorphism 
(Os/p)* Д (Οτ/q)* and since ρ divides the order of ε G (Os/p)* there is a 
positive integer к such that under this isomorphism, ε* ·-» ζρ. From this and 
the commuting diagram (see also [1, Prop 2]) 
K2(L) M 
tr 
K2(F) Ы 
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it follows that { α , ε ' ^ φ ; ) - 1 € М О Д and so 
i(Cp®[q]) = tr(iP) 
Now we are ready to prove the main theorem of this section. 
3.2.3 T h e o r e m . If {/ε £ L, then the image of the map j is generated by classes 
of Dennis-Stein symbols. 
Proof. First notice that L(tfi)/F is a Galois extension since L(tfê) is a split-
ting field of Xp — ε over F. Let H be the maximal extension of L such that 
1. H/L is an abelian extension. 
2. Ti/L is unramifìed. 
3. The primes in Τ split completely in Ή. 
Then we have an isomorphism 
0:Cf(OT)^Gal(7í /¿) 
defined by 0([q]) = φ* for a prime q £ T. Notice that H/F is a Galois extension. 
Now for a subextension E of HjL such that Ga\(E/L) has exponent ρ we 
have an action of Γ on Gal(i?/L) such that for 7 G Γ and σ G Gal(i?/L) we 
have 
7·<7 = ( 7 σ 7 ~ 1 ) ' \ 
where / 7 is defined by 7(Cp) = Cp and 7 is an extension of 7 to E. Now let Tí' 
be the maximal subextension of 7Í/L such that 
1. Ga,\(7i'/L) has exponent p. 
2. The action of Γ on GaI(7i7L) is trivial. 
Then φ induces an isomorphism 
¿ :^p®Öf(OT) ) r^Ga l (T i7L) 
defined by φ(ζρ ® x) = ^(r))«-. 
In order to prove the theorem we study several cases. 
1. - ^ ^ T i . 
Then we have the following situation: 
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пШ 
η 
Ή' L(^è) 
Let χ G кег N and σ = φ(χ). Let <τι G Gal(7{(·^?)/!) such that 
(ГіІ7< = σ 
and 
σ
ιΙί,(07) # !· 
Notice that σι G Gal(W(^ë)/F). Using Tchebotarev's density theorem 
(see for example [11, 10.4]) choose a prime с in 7i(tfe) such that 
• с does not divide a prime in S. 
• с does not divide p. 
• с is not ramified over F. 
• ФР(С) = σι-
Let q = с Π L. Then φρ{<\) = Фг(C)|Í, = 1, so q splits completely over F 
and φ?™ = фЖ) = ф
г
{сУ'Ы = Фг(с). Then ф([ц)) = φ* = aifo = 
σ — φ{χ) so [q] = χ. Since ф^ = O\\L(^Ì) ^ 1 we have by 2.4.3 that 
? is not a pth power in (От/ч)*· Since Cp G L we have р|#(от/ч)* so it 
follows that ρ divides the order of ε G (От/я)* Ξ (Os/(qnF))*. Now use 
lemma 3.2.2 
2. -Ç^GW'. 
Then we have the following situation: 
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и 
Ή.' 
L{</e) 
L 
F 
Let χ £ ker N and σ = φ{χ). We distinguish two cases. 
(a) °\LW) Φ 1· 
Choose a prime с in Ή such that 
• с does not divide a prime of S. 
• с does not divide p. 
• с is unramifíed over F . 
• <Μ0 = σ, 
and let q = с Π L. We now have 
[q] = x 
and 
? is not a p t h power in (От/я)* • 
Now use lemma 3.2.2. 
(b) И І ( $ 7 ) = 1 · 
Let σι € Ga.\(H'/L) such that σ 1 | ί , ( ^ ) ¿ 1. Let у e (/ip ® (Ζ(ΟΤ))Γ 
such that ф(у) = σι and let χ ι € кет N such that у = ζ
ρ
 ® χ ι (see 
3.1.18). Since ¿ ( я О І ц ^ ) = ^Ац^) Φ 1 a n d Ф(*11*)\ц1€) = 
<rr1 | t(^7)0 ' l í .(^t) ^ ^ w e bave as in case (a) that both j(Cp ® Χι) 
and j(Cp ® xf ι ι ) are classes of Dennis-Stein symbols, so }(ζ
ρ
 ® χ) = 
ДСрфхОДСрфхГ'
1 ) ' a a product of classes of Dennis-Stein symbols. 
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3. ^ ë e W a n d ΐβ^Ή!. 
Then we have the following situation: 
U 
Η
1 
Ή! Oft) 
4<fà 
Let χ G ker N and σ = φ(χ). We distinguish two cases. 
(a) *\nfí)¿1· 
As in case (2a). 
(b) ff|L(^7) = 1· 
Let σι € Ga\(H/L)(p) such that 
and 
ffil¿(^?) # Ь 
and let ц € С£(От)(р) such that ¿ ( ц ) = σι. Let дг = х1~ е 7(хі) / т С 
as in the proof of 3.1.18. Then хг € ker N and Cp ® хг = Cp ® xi = 
Cp®x in (/ір®о(От))г so i(Cp®x) = ЛСр®Х2)· Let σ^ = <ri|i,(^?) 
then 
Ф(**)\ЦЮ = ^ l " e 7 ( ^ i ) / 7 e ) l t ( ^ ) 
= ^-(τ-σ,)«. 
Now let 7 be the extension of у to L( ^/7) defined by 7( ^ε) = ψε and 
let σ , ( ^ ) = Cí^c. Then ( 7 ^ 7 - , ) ( ^ ) = С Р ' А ^ = ^ ' ( ^ ) so 
• ι _ ^ 
-J' 
Тв'гТ'
-1
 = ^з and thus j^2 = σ2Ί. We get ¿(x2)|¿($7) = σ2 - »-«+/í
e 
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/ Ï ^. „(«-О«-1
 =
 „і-
= σ; e 
1—е+/ с f ί 
Now suppose that σ2
 T
 = 1. Then σ ] 7 = σ, 
Now c - 1 = I — f у (mod ρ) so σ ^ = σ^ and since ^а 7ε 1 this 
implies that / 7 = 0,1 (mod p) which contradicts the choice of 7. 
We now have Ф{ХІ)\Ц^Г) Φ 1 and thus as in case (3a), j(Cp ® *) = 
І(Ср ® ^ 2) is the class of a Dennis-Stein symbol. 
This ends the proof of the theorem. · 
3.2.4 Remark. Again, notice that we proved that an element of the image of 
j is not only a product of classes of Dennis-Stein symbols but, in fact, a product 
of at most two classes of Dennis-Stein symbols. 
3.2.5 Lemma. Let V denote the set of prîmes of F containing the primes of 
S and the primes dividing ρ and let W denote the set of primes of L above the 
primes in V. Then we have an exact sequence 
μ
ρ
 ®ketN-L· K2(Os)/p - ^ 0 μΡ 0, (3.8) 
P€V. 
where V, is the set of finite primes in V which split completely in L and Λ is 
induced by the Hilbert symbols. 
Proof. We have an exact sequence 
0 μρ ® Ce{Ow) K2(Ow)/p ( 0 μΛ 0 
which induces the exact sequence 
&P®a(Ow))r — * (К2(Ои,)/р)г — f ( φ μ.) ) — 0. 
As in the proof of [15, 6.5] we get an exact sequence 
0
 — * ( ( Θ μρ) ) — " θ Ы*. — - (^) г — * 0 ' 
where Vf is the set of finite primes of V and Zp denotes the decomposition group 
of p in L. Since F contains no primitive p t h root of unity we have 
Ы г = 1 
and 
We get an isomorphism 
V V q € W \ » ' I / 0 / Γ pgV. 
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As in the proof of 2.4.13 we have an isomorphism 
K2(O
s
)/p^K2(Ov)/p. 
Since /ip ® ker N -* (μ
ρ
 ® (Χ(ΟΤ))Γ and (μ
ρ
 ® а(От))г — (μρ ® Ce(Ow))r are 
surjective the lemma follows from the commuting diagram 
(/ip ® a(Ow))r (Ki{Ow)/p)r • 0 μρ 
рек. 
K2(CV)/P 
О 
(μρ®α(Οτ))Γ Ы05)1р 
3.2.6 Remark. 
• Notice that /ip ® ker Ν 9ί μ
ρ
 ® ker Ñ, where Ñ as in 3.1.20. 
• Notice that for an ideal α of От such that [a] € ker N we have j(Cp ® [β]) = 
l , i f < p ® [ a C V ] = 1. 
3.2.7 P r o p o s i t i o n . Ie< m G Ν* such that ρ \ τη (ρ odd). Then the p-pnmary 
part of K2(Z[C
m
]) is generated by Dennts-Stetn symbols. 
Proof. We may assume that Z[Cm] Φ 1<1[р],Щ- Take F = Q(Cm) and 5 the 
set of infinite primes of F. Since a prime p of F dividing ρ ramifies completely 
in F(ip) we get by the exact sequence 3.8 a surjective map μρ ® ker TV —• 
Ka(ZÌCm])/p. Let F+ = FnR. Then [F+/Q] > 2. Let ε G 0*F+ such that ε > 1 
and </e$F+. If -ξ/ε € F(Cp), then F+(-Ç/e)/Q is Galois and so Cp G ^ + (</ε) · 
But F+(tfë) С R and we have a contradiction. So tfe £ F(Cp) and we can 
apply theorem 3.2.3. We see that K2(Z[Cm])/p is generated by Dennis-Stein 
symbols. The proposition now follows from 2.4.12. · 
3.2.8 Proposition. Let F С R, F φ Q be a number field such that ρ \ disc(F) 
(p odd). Then the p-pnmary part ofK2(Of) is generated by Dennts-Stein sym­
bols. 
Proof. Since ρ \ disc(F), ρ does not ramify in F. Since ρ ramifies in Q(Cp) it 
follows that a prime of F dividing ρ does ramify in Ρ(ζ
ρ
). We see from exact 
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sequence 3.8 that /Jp (8» iter N —* К^(Ор)/р is surjective. Since F φ Q and 
F С R, C F has infinitely many units. Let ε € OJ. such that e > 1 and {ft^F. 
Since F(t/t) С R it is easy to see that {ft $ Ρ(ζ
ρ
). Using 3.2.3 and 2.4.12 the 
proposition now follows. · 
3.2.9 Corollary. Let F φ Q be a number field such that F is not totally 
imaginary and ρ \ diec(F) (p odd). Then the p-primary part of ^ ( O F ) Ù 
generated by Dennis-Stein symbols. 
Proof. Let σ be an embedding of F into R. Apply 3.2.8 to σ(Ρ) and go back 
to F via σ~ι. · 
3.2.10 Now let d > 1 be a square free integer. Let F = Q(\/5) and 5 the set 
of infinite primes of F. By 3.2.5 we then have an exact sequence 
/ip ® ker N • K2{OF)/P • Θ μρ 0, (3.9) 
where V is the set of all primes of F dividing ρ which split completely in F(Çp). 
Since ρ ramifies completely in Q(Cp), a prime ρ of F dividing ρ always ramifies 
in F((p) if ρ > 3. For ρ = 3 it is easy to see that a prime ρ dividing ρ always 
ramifies in F(Cp) if d φ 6 (mod 9). We get for ρ > 3 or d φ 6 (mod 9) a 
surjective map 
/ір®кегЛГ-*К2(С?г)/р. 
Let e be the fundamental unit of F. Since F^f/e) С R it is easy to see that 
<fi $ F((p)· Using 3.2.3 and 2.4.12 we get: 
3.2.11 Proposition. Let ρ be an odd prime and d > 1 a square free integer. 
UP ^ 3 or d ^ 6 (mod 9) then the p-primary part of KIÌOQ,^) is generated 
by Dennis-Stein symbols. 
3.2.12 Now we take a closer look at the case ρ = 3 and d = 6 (mod 9). 
Then (3) = P1P2 for different primes pi and рг of L. Since 3|d we have that 
^V(e) = + 1 . We have the following situation: 
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F{p,<ß) 
F Q(/>) <3( ^57з) ς ( ^ + ι / ^ ) 
Notice that y/ε + Ι/\/ε is a zero of X 3 — 3X — (ε + 1 ) . Now suppose that 3 
remains prime in Q ( v ^ + 1/\/ε), then pi remains prime in F(p, yfeY Since 
ε = I (mod %/5) we have ε 2 = ε? = ΛΓ(ε) = 1 (mod \/5) so { ν 4 ε 2 } = 
( V S , ^ ) G ЫОг). Since Α
Ρ ι
({ν^,ε}) = ( ^ ^ V " ^ ^ / ^ (see 
for example [21]), vVi{\fd) = 1 and fl^'"3^ 5ε 1 we have \Vl{{y/d,c}) φ 1 and 
thus Лр1({ 5,ε2}) ^ 1. From exact sequence 3.9, 3.2.3 and 2.4.12 we now see 
that K 2 ( O F ) / 3 and thus KÏ(PF){$) is generated by Dennis-Stein symbols. 
Direct computation shows that 3 remains prime in Q(^e + І/ ^) ^ о г ^ = 
69,78,87. 
3.2.13 Example. F = Qív/SS), ρ = 3. 
See 2.4.22 for a description of Ci(Oni
 4/85))· Since there is no prime of F 
dividing 3 which splits completely in Q(p, λ/85) we see from 3.2.10 and 3.2.6 that 
K2(CV)/3 is generated by Цр®[(2, Н ч ™ ) ] ) .
 N o w (2, i+V^5)nf = (2) and 
(2) splits completely in Q(p, v/85). Let ε = 2 ± ^ . Then ε is the fundamental 
unit of Op- Since ε = ρ (mod (2, 1 +^2"2 5 5)) we get 
j ( p 0 [ (2,1±41I1 )]) = (2,1^). 
We could also have noticed that о(ё) = 3, where ε G (CV/(2))*, so we have 
І ( Р ® [ ( 2 , І ± ^ 1 ) ] ) = ( ( 2 , - ^ ) ) ± 1 ( ^ 3 . 2 . 2 ) . 
In 2.4.22 we have computed i(p ® [(2, 1 + v ^ " ) ] ) = ( ^ , 2 ) . We can com­
pute j(p ® [(2, 1+^2~25^)]) now also as 
t r ( ( ^ , 2 ) ) = t r ( { F ^ } ) 
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' 2 , ε3} 
- ^ у . 
3.3 Generators for IWs 
In this section we will combine the results of chapter 2 and this chapter. 
3.3.1 Proposition. For an odd prtmep and a positive integer η such thatp" φ 
3 and5 generates (Z/p")*, K2(Z[Cp»]) JA generated by Dennis-Stem symbols. For 
an integer η > 3, KjíZfo«]) «θ generated by Dennts-Siein symbols. 
Proof. Combine 2.4.15 and 3.2.7. · 
3.3.2 Proposition. Let d > 1 be a square free integer such that d £ 6 
(mod 9), d ^ 1 (mod 8) and Ν(ε) = —1, where ε is the fundamental unit 
of Q(\/a). ГАеп ^ ( О л / ^ ч ) ta generated by Dennis-Stem symbols. 
Proof. Combine 2.4.17 and 3.2.11. · 
3.3.3 Using the results of 2 4 20 we also have that ^ ( O Q , ^ , ) is generated by 
Dennis-Stein symbols for 
d = 3,7,11,14,19,21,22,23,30,31,35,38,39,43,46,47,55,59,62, 
67,69,70,71,77,78,79,83,86,87,91,93,94,95. 
3.3.4 Proposition. Let F = Q(\/85). Then K2(0F) is generated by 
" (3,i^1),{-h-l},{-he}and(2,^), 
where ε = **&. 
Proof. Using [7, table 1] we see that K2(CV) has a non-trivial p-primary part 
only for ρ = 2 and ρ = 3. The proposition now follows from 2.4.21 and 3.2.13. 
• 
3.3.5 Using the formula for Ф^ІО^^д·.) (Birch-Tate conjecture) proved by 
Mazur and Wiles (see [17]) and [10, Th 3] we see that for d < 1000: 
Only 2 divides # K 2 ( 0 Q ( ^ 5 ) ) for 
d = 2,3,5,7,13,17,21,41,65,145,161,178,221. 
Only 2 and 3 divide # K 2 ( O Q ( V ^ ) ) for 
d = 6,15,29,33,42,69,77,82,85,93,105,109,113,137,141,229, 
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d 
2 
3 
5 
7 
13 
21 
29 
69 
77 
82 
85 
93 
109 
178 
221 
229 
287 
406 
ε 
1 + л/2 
2 + З 
2 
8 + 3 ^ 
3+/Î3 
2 
2 
S t / M 
2 
9 ^ 7 
9 + V82 
9+V85 
2 
29+Зл/93 
2 
261 + 25ч/109 
2 
1601 + 120 Л78 
15+N/221 
15+N/229 
2 
288 + 17^287 
59468095 + 2951352N/406 
generatore for ^(О^^) 
{-Ι ,-ΙΪ , ί-Ι ,ε} 
{ - І . - І ^ / З , - ^ ) 
{ - l . - l j . í - l . e } 
{-1,-1},(2
 + V7,^.) 
{-l.-lj.í-l.e} 
Ы . - І } . ^ . ^ ) 
{-i.-iU-U},^,^) 
{-1,-1},(8
 + ^ 8 9 . ^ ) , 
( 2 , ^ ) 
{ - l . - l U - l . e } , ^ , ^ ) , 
{-1,-1},{-1,ε},(2,^), 
( 3 , ^ ) 
í 1 11 /0Я 1 Чч/ОЯ 1 + e " \ 
l i, i j . ^ e | JVJJ, ^ , 
( 2 , ^ ) 
{-і.-^Л-і.сі^г,^) 
{-1,-1},(44
 + 3 ^ 2 2 1 , ^ ^ - ) , 
{ - Ι , - Ι ΐ , ί - Ι , ε } , ^ , ! ^ ) 
f i lì /ЗЗ 1 2г/287 1 + t"> \ 
Χ
11
 ' ' '
В
' · 14+v^87/' \ 0 ' 5 / 
{-1)-1}1(141 + 7V406)^^_)1 
(3. 0) 
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285,287,353,406,429,497,505,761,865,933,985. 
As in the previous proposition we find generators for K-ii&nt^/d)) for many of 
those (f's. We'll give them in table 3.10. 
Notice that for the d's in the table and for η > 3, we now also have presen­
tations of S L n i O g ^ j ) (see also [10, Th9]). 
3.3.6 Remark. The wild kernel, W(F), of F is a subgroup of K J Í O F ) (see for 
example [15]). Using similar techniques as before we can also prove the following 
(see [20]): 
Theorem. Let F be a number field, containing i or v—2. ГАеп W(F) ie 
generated by Dennis-Stein symbols. 
3.4 Finding non-trivial elements in K2(OF) us­
ing j 
When F is an imaginary quadratic field, Кг ( O F ) is in general not generated by 
Dennis-Stein symbols due to a lack of units in OF- Still we can detect non-trivial 
elements in K^iOp),using j , as in the following examples. 
3.4.1 Example. F = Q(V-762), ρ = 3. 
In 2.4.23 we have computed 
i(p ® [(787,309 + v/254,28 + ^З)]) 
= x 2 , i ( ^ í P ) x i > 2 ( ¿ ^ 3 ) a : 2 , 1 ( 2 8 + v / = 3 ) * i , 2 ( ( 2 8 , ^ ; T . J 
xi,2(l)x2,i(-l)xi,2(l)xi,2(-£7 8 6)x2,i(lA7 8 6)x1 ,2(-c7 8 6). (3.11) 
We have ЛГ([(787,309-|-%/§54,28+л/=3)]) = [(5+у/=762)] = 1 so
 /£)®[(787,309+ 
\/254,28 + ^ З ) ] € /із ® кег N and ρ ® [(787,309 + \/254,28 + ^ З ) ] Φ I. It 
follows from 3.1.21 that j(p ® [(787,309 + %/254,28 + ч/^З)]) φ 1. Notice that 
since ε 7 8 6 = (л/254)786 = 254 3 9 3 = 2 (mod 3) and for a, 6 e Ζ we have 
a + 6\/254 = (a - - χ / 3 ^ ) - -^у/^ТЮр, 
О О 
it follows that the numbers appearing in 3.11 are all elements of l[y/— 762][p]. 
It is easy to compute the transfer of the element in 3.11, just replace a term 
Zi ¿(α + bp) with o,6 6 ІІУ/^ТЩ by 
X2(i-l )+l l 2 (j- l )+l( a ) ; r 2(i-l )+2 1 2(i-l )+l(b) · 
X2(i-l)+l, 20-l)+2(-fr)X2(i-l)+2>20-l)+2(o " &)• 
Unfortunately, writing down this element would take some pages because of the 
high power of ε. 
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3.4.2 Example. F = Я{ -^), Ρ = 3. 
Let L = F (ρ). Then we have 
a(oL)(3) - «(Одсугт^хз) Φ сі(оЯ( Ш)т 
^(CQCVSÏÏ)) — Z/3 is generated by the class of a prime dividing 5 and the 
prime dividing 3 is principal in Q(>/32Î). In Q(%/—107), 5 remains prime. Since 
OL = Ορ[ρ], it is easy to calculate the decomposition of 5 in L. We get 
(5) = (5, ρ - (2 + v/=ÏÜ7))(5, ρ - (2 - v/=IÖ7)). 
Now let ρ = (5, ρ-{2+ί/-ίΟΊ)). Then Ν([ρ]) = [(5)] = 1 so ρ®[ρ] e /із кег TV. 
Since ρ «» [ρ] φ 1, it follows from 3.1.21 that j(p ® [ρ]) φ 1. By 3.1.14 we have 
Я/>®[Р]) = ' Ю 
and we will now compute ¡(A*). 
We have 
ρ = bOL+(p-(2 + V^ÏÖ7))0L 
= 5CV + 5pOF + (p - (2 + ^ - 1 0 7 ) ) ^ + (p - (2 + >/-йП))рОг. 
Since 
bp = 5(2 + У ^ Ш ) + 5(/) - (2 + V^W)) 
and 
(p - (2 + у/^Ш))р = -ρ - 1 - (2 + v/^ÏÖ7)p 
= - 1 - ( 3 + ν/ ϊ^07)/> 
= -(3 + /-І07)(р - (2 + У-Ш7)) + 5(20 - v/^ÏÖ7) 
we see that 
and that 
ρ = bOF + (/> - (2 + ^ Ш ) ) ^ 
.ρ _ /2 + ν^Τ07 2 0 - ν ^ Ϊ σ Π 
(Ι Л / - 3 + ^-Ш7 23 \ 
-
 \Ъ 1 ) \ 5 - З - ^-ГО?,/ 
We have 
and 
(-3 + ^ Ш ) 2 2 = 1 (mod 23) 
(-3 - y/-Unf = 1 (mod 5). 
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Let ( - З + лЛТО? 23 0\ 
5 -з - v=m 0 , 
0 0 l) Bi = 61,2(23)62,1(11) 
/ ( - З + ^ І О Т ) " 23 0\ 
= xi 1 0 , 
\ 0 0 l) 
where χχ = -2218956341705717921703+ 15708350289241178112v/=^Ü7, and 
B2 = βι
ι
2(-5)62,ΐ(ΐ2) 
where χ, = -330631444206063924019+ 86124344291851501568v/=:ÏÖ7. Again 
we use the technique of [4, Lemma 1] to transform Bi to A22 and B-¡ to 
( ( Λ " 1 ) ' ) 2 1 . We get 
A22 = 62,ι(481042095098213738565329-
170074063740065508642616\/=107)е2,з(-1 ) 
ез,2(11063968187258916305283604-
3911703466021506698780167\/=Ί07)Βι 
62,ι(2218957853081027674775 - 15708884641106400270v/::ÏÖ7) 
е
м
(-12290092675050952)е2,з(-38613965)ез
і
2(318281039)ез,і(-1) 
еі!з(-54608392)е2,і(38613965)ез,і(-225058б'81) 
61,2(3911703466021506380499128)61,3(671142210805603736448505) 
езк-З + =Ш) 
ез,і (206932378283192673348592612143463179189813+ 
11,824104075240840250230462395231035820456VCÏÜ7) 
ез,2(135977196865269660921798732015518363860769-
48075198995085166423774370972928364828878>/=^07) 
and 
((A-1)*)21 = ег, 1 (314516802654257359064949+ 
111198481976968235371327 / : :107)е2,з(-1) 
ез,2(-1572584013271286531652101- ' 
555992409884841176856636 v / ^ Ü t f ) ^ 
62,ι(330632637036698340999 - 86123922562536299919V^ÏÖ7) 
е1,з(2108646529397067)е2,3(7997214)ез,2(263672646)ез,і(-1) 
еі^з(-45239073)е2,і(-799,7214)ез,і(46б'і1179) 
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ei12(-555992409884841440529282) 
еі1з(-95393216383237044156880)с2із(-3 - V-ffi) 
ез,і(-23213351529526812259663910478094178750769+ 
1326409558027921254907496351774833593829 у/^Ш) 
ез,а(33160238950698034152649500391508244293814-
1172391491390243059302056459781518963820%/^Ϊ07). 
Since 
A = A2i(((A-1)i)2ly 
we can take as lift of App in 8ΐ(Ορ) 
Ζ = *ι,2(1)*2,ι(481042095098213738565329-
170074063740065508642616ν^ϊϋ7)ΐ2,3(-1) 
13,2(11063968187258916305283604-
39Іі703466021506698780167 сШ7)іі )2(23)^ 
Χ2,ι(1511375309753072-534351865222158Λ/^ϊϋ7) 
х1|з(-12290092675050952)х2,з(-38613965)хз,2(318281039)хз,і(-1) 
ісі,з(-54608392)х2,і(38613965)хз,і(-225058681) 
х
Ь
2(3911703466021506380499128)хі,з(671142210805603736448505) 
Х2,з(-3 + У/^Ш) 
хз, ι (206932378283192673348592612143463179189813+ 
11824104075240840250230462395231035820456%/-Ш7) 
хз,2(135977196865269660921798732015518363860769-
48b75198995085166423774370972928364828878vcHJ7) 
Х2,з(3316023895069803415264950039150824429381+ 
1172391491390243059302056459781518963820v^:ÏÖ7) 
хі,з(-23213351529526812259663910478094178750769+ 
1326409558027921254907496351774833593829V^TÜ7) 
хз,2(-3 - \/г107)хз,і(-95393216383237044156880) 
Х2Іі(-555992409884841440529282)хі,з(46611179)хі,2(-7997214) 
хз!і(-45239073)хі,з(-1)х2,з(263672646)хз,2(7997214) 
хз,і(2108646529397067)хі,2(1192830634416980+ 
42,1729315201649vcÎÔ7)x2,i(-5) 
Х2,з(-1572584013271286531652101-
555992409884841176856636 с107)хз,2( -1 ) 
xi,2(314516802654257359064949+llil98481976968235371327\/^ÎU7) 
and we have 
i(p®[p]) = ^ 1 · 
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Chapter 4 
The relative case 
In chapter 2 we defined homomorphisms Л:/і„(Я) ® Ко(Я) —» К2(Я)/п and 
i':/i
n
®Cf(Os) —• K2(Os)/n which turned out to be identical. In this chapter we 
will do the same for the relative case. We will define homomorphisms h: μ
η
(Η)® 
Ко(Я;/) -• К2(Я; I)/n and »':μ
η
®£Ζ((σ5) — K2(Os;c)/n and then prove that 
they are identical. 
4.1 T h e map h: μ
η
(Κ) 0 Ко(Д; /) -> ЩК; Ι)/η 
In this section we will define a homomorphism /ІП(Я) ® Ко(Я; I) —* К2(Я; /)/n 
where η is a positive integer, Я is a ring satisfying the condition
 п
8Кі(Я) = 0 
and / is an ideal of Я such that
 п
8Кі(Я; /) = 0. 
First we define a map Л:^
п
(Я)®Ко(Я; ƒ) —+ Ki(R;I)/n for all odd η and all 
pairs (Я, 7) such that „8Кі(Я) = „8Кі(Я; ƒ) = 0. Then we define for all η and 
all pairs (Я, I) such that
 п
8Кі(Я) =
 п
8Кі(Я; I) = 0 and some other condition 
a map h:H® Ко(Я; I) —• К2(Я; /)/n, where Η can be any cyclic subgroup of 
μ„{Κ) and Η can be equal to /¿„(Я) if η is odd. If η is odd h and h coincide. 
From now on Я is a ring satisfying the condition
 п
8Кі(Я) = 0 and / is an 
ideal of Я such that „SK^fi; /) = 0. 
4.1.1 From the commuting diagram with exact rows and columns 
87 
О 8Кі(Я;/) 8Кі(Я(/)) -*±~ 8Кі(Д) • О 
KiiÄ; / ) • Кі(Я(/)) - 2 L * Κ,ίΛ) • О 
det det 
Я * П ( 1 + /) • R{I)* 
I I 
Pi 
я* 
(4.1) 
we see that we have 
«Ада)) = i. 
4.1.2 Now suppose that η is odd. From the theory of section 2.1 we have 
homomorphisms 
Л : / І
П
( Я ) ® К ^ ( Я ) - К 2 ( Я ) / П 
and 
Л : ^
П
( Л ( / ) ) ® М Я ( / ) ) - К а Д О И / п , 
and from 2.1.20 it follows that the following diagram commutes 
/ І П ( Я ( 7 ) ) ® М Я ( / ) ) - ^ К
а
(Д(7))/п 
/*п(Д)€ 
P i ® Pi 
ъЩп)- h - K 2 ( J 
Pi 
ϊ )/η 
(4.2) 
(4.3) 
(4.4) 
Now the split exact sequence of 1.3 induces a split exact sequence 
0 • Ко(Я; /) ЩВЦІ)) -21* ΚΪ(Α) 0 
and tensoring this with μ
η
(Κ) we get an exact sequence 
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By definition of Kj(fi; /) we have an exact sequence 
0 К$(Я;/)/п • K2{R(I))/n - E U К 3 (Д)/п • 0. 
By combining the homomorphism 
/ і п ( Д ) ^ / і п ( Я ( Л ) , а ^ ( о г , о ) 
with the homomorphism 4.3 we get a homomorphism 
Ιι:μ
η
(Κ) ® М Л ( / ) ) - К,(Я(/))/п. 
From diagram 4.4 it now easily follows that the following diagram commutes 
0 •К;(Я;/)/п К
а
(Я(/))/п Pi - К 2 (Я)/п • 0 
and so h induces a homomorphism 
h: μ
Β
( Α ) ® Ко(Я; /) -» K'2(R; I)/n. 
By composing this homomorphism with the homomorphism 
р : К 5 ( Я ; / ) / ! і - К 2 ( Я ; ƒ)/!», 
induced by the homomorphism from 1.2.5, we get a homomorphism 
Л : / і „ ( Я ) ® К о ( Я ; / ) - К 2 ( Я ; / ) / п . 
4.1.3 Lemma. Lti f:R—*Sbea ring homomorphism and I С Я, J Ç S 
ideals such that f (I) Ç J. Then the following diagram commutes 
/іп(Я) ® Ко(Я; ƒ) -^* К
г
(Я; I)/n 
/in(5)®Ko(5;J) -*-* K 2 ( S ; J ) / n 
In particular: h is a homomorphism of Aut(ß; I)-modules. 
Proof. This follows from 2.1.20 and the definition of Λ. 
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4.1.4 Now suppose that R is such that rk is defined and such that det(a/>) = 
a
rk(P) f
or а
ц finitely generated projective ß-modules Ρ and all о € Л*. From 
2.1.10 we see that if we take г to be the composition 
Ко(Д(/)) í i Ко(Л) - Ζ, 
R(I) satisfies the condition of 2.1.21. By replacing μη(Κ) by some cyclic sub­
group Η of μ
η
(R) we get (see section 2.1) in the same way as before a homo-
morphism 
Л:Я®Ко(Я;/)^К2(Я;/)/п. 
4.1.5 Lemma. Let f.R —• S be a nng homomorphtsm such that rk(5®/P) = 
rk(P) for all finitely generated projective R-modules P, and I С Л, J Ç S 
ideals such that f (I) Ç J. Then the following diagram commutes for each cyclic 
subgroup H of μ
η
(Η) 
Η ® Ко(Л; I) К2(Л;/)/п 
ƒ 
/(Я) ® K0(5; J) -L· K2(5; J)/n 
Proof. 
We have a commuting diagram 
Ко(Я(/)) - Ь * Ко(Л) - ^ Ζ 
f 
Ko(5(J)) -EU Κο(5) -&- Ζ 
The lemma now follows from 2.1.28 and the definition of ή. 
Again we will write h instead of h. 
4.1.6 Since К
П
(Л) is naturally isomorphic with К
П
(Л; Л) we have a map 
/І„(Л) β Ко(Л) S ^„(Л) ® К0(Л; Л) Λ К2(Л; R)/n S К2(Л)/п. 
We will compare this map with the map h from section 2. 
First suppose that η is odd. From the commuting diagram 
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Рп(Я)®Ко(Я;/) 
Λ 
Ki(R;I)/n -
М Я ) ® Ко(Я(/)) 
i d ® p j 
/іп(Л)вКо(Л) 
Λ 
K2(Ä)/n 
К
а
( Д ( 0 ) / п 
К 2(Л;7)/п К а (Я)/п 
we see that the following diagram commutes 
/ІП(Я) ® Ко(Я; ƒ) μ
η
(Α) ® Ко(Я) 
К2(Я;/)/п 
Λ 
К2(Я)/П 
(4.5) 
If Я is as in 4.1.4 we get the same diagram with /ІП(Я) replaced by a cyclic 
subgroup Η o f / І „ ( Я ) . Notice that we have temporarily replaced KQ by KQ. 
We see that, by taking 1 = Я, the map h in the absolute case is in fact a 
special case of the map h in the relative case. 
4.1.7 Now let F be a number field containing a primitive n t h root of unity 
and let 5 be a set of primes of F. Let с be an ideal of Os and assume that 
if О s is totally imaginary and m is the number of roots of unity in О s then 
c + mOs = Os- Then by 1.4.7 we have „SK^Os) = 0 and by 1.4.10 we have 
„SK^Osjc) = 0. Since Os satisfies the condition of 4.1.4 and /i
n
(Os) = μ
η
 is 
cyclic we have for all η a homomorphism 
Α: μ
η
 ® Ko(Oj; c) -» M O s ; c)/n. (4.6) 
We will now take a closer look at Ko(ös;c). For this purpose and for future 
use we will first derive some exact sequences. 
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4.1.8 Notation. By Os,t we will denote the semi-local ring 
{a 6 F\ Vp(a) > 0 for all pjc}, 
and by с we will denote the ideal cOs.e-
The maximal ideals of Os,< correspond to the primes of F dividing с If с is 
a prime ideal of Os, Os,t is a local domain with maximal ideal c. 
4.1.9 By 1.4.7 we have SKi(Os) = 0, by 1.4.8 we have SKiiOs.t) = 0, by 1.5.15 
we have that K2(Os/p) = 0 for a ρ g S, by [11, 1.3.15] we have Ce{Os,() = 0 
and by [8, Th A2] the map K3(ös | t) - • K3(F) is an isomorphism. Combining 
the long exact sequence 1.5 for Os and Os,< we extract the commuting diagram 
4.7. 
A diagram chase now gives us the exact sequences 
0 — M O s ) — K i f O s , , ) ^ ® Ko(0s /P)—Ko(Os)-Ko(Os. , )—0, (4.8) 
0 • K2(Os) К 2 (0 5 і «) - ^ - Θ Κι (Os/ρ) • о (4.9) 
and 
K 3 ( O s ) • K3(0Si() 0. (4.10) 
Now consider the long exact sequence 1.1 for the pair (Os,<\c). We extract the 
exact sequence 
Ki(Os.,)—κ,ίσβ,,^-ΚοίΟβ,,ίΟ-Κοίσ,.,ί-ΜΟ^,/?). (4.ii) 
Since 0,s,c and Os,t/c are semi-local rings the map Ki(0s,t) —• Ki(Os,t/c) 
is by 1.4.8 the map 0$
 ( —* (Os,t/c)*, which is surjective. Since Os,i/c — 
(Bp\tOs/pv'(<) we have by [19, 1.2] that Ko(Os,c/c) 2 0 p | t Z . Since by 1.3.4 
Ko(Os,t) 5i Z, the map Ko(Os,c) —* Ko((9s/c) is injective. We now get from 
exact sequence 4.11 that Ko(Os,t,c) = 0. 
We have by 1.4.10 that S K ^ O s ; c) = 0 and by 1.4.11 we have SKi(Os ( {; c) = 
0. So Ki(Os;c) -• Ki(Os) and Ki(Os | (;c) — Ki(Os,<) are injective (see also 
diagram 4.1). 
Combining the exact sequences 4.8,4.9 and 4.10 with the long exact sequence 
1.1 for the pairs (Os; c) and (Os,,; c) and noting that Os,(/i — Os/c we get the 
commuting diagram 4.12, where for p { с the map 
K o ( O s / p ) - K o ( O s ; c ) 
is defined by sending [O
s
/p] to [(Os,p,/p)] - [(Os,Os,id)], where fp denotes 
the isomorphism Os/c®Os -^ Os/c®p. A simple diagram chase now gives us 
the exact sequences 
0 — K , ( 0 5 ; c ) — М О ^ О ^ Ф М О з / р ) — K o ( O s ; c ) — 0 (4.13) 
92 
MOs) 
Кз(05.,) 
Кз(Л 
K2(Os) 
(ГрУ 
K2(Os,,) 
Θ Κι (Os/p) 
-Pt' 
K,(Os) 
(Гр) 
K2(F) 
Θ Κι (Os/ρ) (^Р) 
Θ Κι (Os/p) (4.7) 
Ki(Os,c) Jvp) 
Ki(F) 
Л р) 
Ы 
eKo(Os/p) 
•Pl( - ^ o 
Θ Ko(Os/p) 
• vts 
Ko(Os,c) 
Ко(05/р) 
Ko(Os) 
Ko(F) 
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K3(Os) 
K3(Os,«) 
K3(Os/c) 
K2(Os;c) 
КЖ03,,;<) MOs) 
Ы (τ,) KaiOs,,) 
®Ki(Os/p) K2(05/c) 
Ki(Os;c) (4.12) 
Ki(Os) Ki(C75,c;c) 
KiiOs,,) 
> P ) («P) 
Ki(Os/c) ©Ko(Os/p) 
•Ptc 
Ko(Os;c) 
Ko(C?s) 
KoiOs.«) 
Ko(C?s/c) 
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and 
О . K 2 ( O s ; c ) • Ka(Os,«;c) - ^ - φ К!(Os/P) >• 0. (4.14) 
pi« 
4.1.10 Definition. We define the group Ct,(Os) by the exact sequence 
F,1 • It(Os) Ce,(Os) • 0, (4.15) 
where Ic(Os) denotes the subgroup of I(Os) generated by the primes not di­
viding с and 
F} = {a G F I vp(a - 1) > t;p(c) for all p|c}. 
4.1.11 T h e o r e m . Ko(Os;c) ^Ce((Os). 
Proof. We have a commuting diagram 
Ptc 
F,1 I,(Os) 
so the theorem follows from exact sequence 4.13. · 
4.1.12 Using the preceding theorem we see that Λ induces a homomorphism 
h^n®a¿Os)^K2(Os\c)/n. 
4.2 The map i: μ
η
 ® Cit(Os) -• ^{Os; c)/n 
In this section we will specialize to rings of type О s • We will define a homomor­
phism ί :μ
η
 ®Ct({Os) —*• K2(Os,c)/n. It will turn out that this map coincides 
with the map h defined in the previous section. 
Let F be a number field containing a primitive n t h root of unity, S a set of 
primes of F and с an ideal of Os-
4.2.1 F o r o € F,1 and С G /i
n
 we have the element {(l,a),(C,C)} € nK$(C>s>(;c). 
We get a zero sequence 
μ
η
 ® i ? — K2(05,c; c) - ^ KaiOs,«; c) (4.16) 
where γ is defined by 7(C®<*) = ?({(!, or), (C,C)}) where ρ is the homomorphism 
from 1.2.5. 
4.2.2 Tensoring exact sequence 4.15 with μ
η
 we get the following exact sequence 
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/in 9 F} • φ μη μ
η
 ® ff,(Os) 0. 
pi« 
Now consider the following commuting diagram 
μη 9 F} • φ μ « — μ„ ® ff<(Os) — 0 
Pt' 
7 
ι 
0 -~ K2(Os; с) — ЫОзу, с) Ы φ к; — о (4.17) 
pi« 
•η 
The middle row is exact sequence 4.14. An easy diagram chase shows that we 
can define a homomorphism 
t : / i
n
®ff t (Os)-^K2(05;c)/n 
by i(C ® [a]) = ϊ " , where χ G K J Í O S , , ; с) is such that for all primes p of F such 
that p | с we have т
р
(х) = С»*0) € к\. Notice that in fact xn G MOs . t î c ) and 
n o t i " G Кг (Os; с). 
4.3 Equality of h and г 
Let F be a number field containing a primitive n t h root of unity and let 5 be 
a set of primes of F. Let с be an ideal of О s and assume that if О s is totally 
imaginary and m is the number of roots of unity of Os, then с + mOs = Os· 
By 4.1.12 we have a homomorphism 
Α:μ
η
 ®ff«(Os) -» K 2(Os;c)/n. 
By 4.2.2 we also have the homomorphism 
i:/in®Cfc(Os) —Ka(Os;c)/n. 
We will now prove that these two homomorphisms coincide. 
4.3.1 T h e o r e m . λ=ι. 
Proof. Let С € /in and α φ Os a non-zero ideal of Os such that о -I- с = Os . 
Let с G Os such that с = —1 (mod c) and Vp(c) = υρ(α) for all p | o. Let b be 
the ideal of Os such that cOs = ab. Then b + a = Os and b + e = Os- Let 
αο G ас and 6o G b such that ao + i>o = 1- Under the isomorphism of 4.1.11, [a] 
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maps to [(О,,a, ƒ„)] - [(Os,Os,id)]. Since [(Os,Os,id)] = 0 in Ko(Os(c)) we 
have 
МС®[0]) = р(Л(С®[(О5,0,/а)]). 
Now 
(O
s
, a, ƒ„) φ (Os, b, Λ) 2 (Os Φ Os, α φ b, ƒ„ Φ ƒ»). 
An Os-basis for Os Φ Os is 
((1,0), (0,1)) 
and an Os-basis for α φ b is 
((aoA).( c.- c)) 
and these bases induce bases for Os/c ® (Os Φ Os) and Os/c ® (α φ b). Let 
о G о, 6 G b and ci, cj € с such that а + ci = 1 and 6 + cj = 1. Then 
(/о©Л)(Т ®(1,0)) = Τ βία,Ο) 
= ä( 1 ® (αο, 6ο)) + (а60/с)( 1 ® (с, -с)) 
= Î ( ï®(ao,6o))+Fy>(ï®(c,-c)) 
and 
(ΛθΛΧΙβίο,ΐ)) = Τ® (о, 6) 
= 6(1 ® (αο, 6ο)) + (-6ао/с)(1 ® (с, -с)) 
= T(Î®(ao,6o))+S5(ï®(c,-c)). 
Since 
( ! ; b : ) € G M O s ) 
we see (see also [19, 2.4]) that (Os Φ Os, ο Φ b, ƒ„ φ Д) is a free Os(c)-module 
with basis 
(((1,0), (αο - бос,6o(l + с))), ((0,1), (ао(1 + с), 6о - аос))). 
From this we get the basis 
(((ao,6o),(o0,6o)),((-l,l),(c,-c))). 
The matrix of (ζΧ)(ο3,α,ί.) θ l(Os,»,A) o n ^ 9 basis is 
A_( (u',«') ( l -C,(C- l )c )\ 
\(α0οο(1-ζ),^ψ^) (u,u) J' 
where u = αο + ζ6ο and и' = Cao + 6o. 
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Now we consider Л as a matrix over Os,{(c) and notice that u,6o € Og (, 
since oo € с Let 
У = Л
аі
,((1,-е))-1*-1Л1,з((С,0)*Аз,з((1,-с)), 
where χ = хі,2((-1,-1))*2,і((Ьо,Ьо)) and 
Χ = « і , а ( ( ^ , І ^ ) ) « а д ( ( а = ^ і ^ , ( < " 1 1 с ' , > ' " ) ) Ч і ( ( « . " ) ) * і . э ( ( С . С ) ) . 
Then Υ,Χ € St(Os,t(s))· Α 8 i n 2 · 3 · 1 w e t h e i 1 h a v e 
, (y)
 =
 , W = ( ^ ^ ^ ) 
and ХУ- 1 = {(1, -c),(C,0}{(l/bo, -c/bo), («,«)}. Let У = У{(1, -с), (CC)} 
then we have ^(У) = φ{Υ) and ΛΎ'"1 = {(l/èo,-c/6o),(ti,u)}. Let 
. / («',«') ( i - C i - C ) (0,0) \ 
І 4 = (аоЫі-О.вобо(І-С)) К « ) (0,0) G SL(O
s
{c)) 
\ (ο,ο) (ο,ο) (CC)-1/ 
then φ(χ~ίΗι>3(ζ,ζ)χ) — A and 
(" к.<)- ' ) д " € Е № ; ' ) ' 
Let Ζ' e St'(Os;с) such that 
and let Ζ = Ζ ' χ ^ Λ ι ^ , Ο * € St(Os(c)). Then 
во 2У'- 1 € K2(05,c(c)). Since p^Z') = 1 we have р і ^ У ' - 1 ) = 1 so we even 
haveZy '^eK^Os,«^) . 
Now let p be a prime of F such that ρ f с Then 
r p (p(Zy'- 1 ))=r p (p 2 (Zy '- 1 )) 
and as in the proof of 2.3.1 we have 
rp(p 2(Zy'- 1)) = C'"(a). 
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Since piZY'-1) e Ka(Osit;c) we get 
»"(С β M) = P(ZY'-1)" 
= raZY-ψ) 
= p(Z"(y'-t)") 
= Κ ^ ^ ι , ^ , Ο ) " ) - 1 ) 
= ^»{(- i . -O.ícc)}-^-^2) · 
Now if η is odd or η = 0 (mod 4) we have 
¿(CeW) = FOT 
= P(Z") 
= A(C®W). 
If η = 2 (mod 4) we have 
»•(C®W) = P(Z» {(-i,-i), (COT) 
= p(Z"{(-l,-l),(C,Q}) 
= MC® [a]), 
since r([(Os,a,fa)]) = 1· This ends the proof of the theorem. 
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Chapter 5 
The kernel and cokernel of 
the map i 
Using exact sequence 2.2.5 we know the kernel and cokernel of the map i in 
the absolute case. In this chapter we will compare the kernel and cokernel of 
the map i in the relative and the absolute case. In this way we will compare 
K2(Os;c)/n with K2(Os)/n. 
In the first section we compare the maps i using their definition. In the 
second section we\will try to split the map K2(.R;ni)/n —• K2(R)/n for a local 
domain R with maximal ideal m. We will see that in some cases this map is an 
isomorphism. The results of this section will be used in the last section where 
we will compare K2(ös;p)/n with K2(Os)/n for a prime ideal ρ of Os-
5.1 Comparison of the absolute and relative 
case 
Let F be a number field containing a primitive n t h root of unity, 5 a set of 
primes of F containing the primes dividing η and с an ideal of Os- According 
to theorem 2.2.5 the map t in the absolute case is injective and the cokernel of i 
is isomorphic to ( ф - с ^ ^ Цп)о- Now we will investigate the kernel and cokernel 
of i in the relative case. We will do this by comparison with the absolute case. 
5.1.1 Combining exact sequences 4.9 and 4.14 we get a commuting diagram 
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О . K2(Os;c) K2(Os,«;t) -Ы. φ*? •О 
pi« 
(5.1) 
о — • МО*) — • K2(o
s
,() - ^ - e * ; — - о 
Pt< 
We have isomorphisms 
μη -» ι.Κρ 
and 
Using the snake lemma we derive from diagram 5.1 the following commuting 
diagram with exact rows 
n
K 2 ( O S i ( ; c ) - » 0 / i „ • K 2 ( 0 5 ; c ) / n — К 2 ( 0 5 І С ; С ) / П ^ Ф / І П — 0 
Pt« 
Hn®Ce((Os) 
\ 
п
К 2 ( О 5 > с ) ^ 0 / і „ -
Pt' ч 
Pt« 
О 
- ~ K 2 ( O s ) / n ^ K 2 ( O s , c ) / n ^ 0 / i n — О 
i/ ··« 
(5.2) 
μ η ® ¿ В Д ) 
/ \ 
О О 
Here the map μ
η
®Ci,(Оs) —* μη®0ί(θ5) is induced by the inclusion 1,(0$) —• 
HOs). 
The only thing we can say about the kernel of i in the relative case is the 
following 
5.1.2 Lemma. Ι/μ
η
®α,(θ5) -* /in®C£(0s) " injecttve, then i in the relative 
сазе is injective. 
Proof. This is evident from diagram 5.2. · 
The kernel of μ
η
 ® Ct((Os) -• μη ® &(Оз) is described in the following propo­
sition. 
5.1.3 Proposition. The following sequence is exact 
μη ® Ft/F,1 • μη ® ««(Os) Pn ® ûf(Os) • 0, (5.3) 
«Aere F, = {a 6 F* \ vp(a) = 0 for all p|c} = 0} ,· 
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Proof. We have an exact sequence 
Ft • I,(Os) — - ce{Os) — • 0. 
Combining this sequence with exact sequence 4.15 it is easy to see that the 
following sequence is exact 
Ft/Ft — • at{Os) — - ce(os) — - o. 
Now tensor this sequence with μ
η
. · 
5.1.4 Corollary. Ιίμ
η
<8θ% -> μ
η
® F(/F} is surjeciive, ihen μη <8>Ctt(Os) S 
Proof. For α € 0$ we have that [(a)] = 1 in Ct,(Os)- Now use proposition 
5.1.3. · 
Now we will concentrate on the cokernel of t. 
5.1.5 Let Ca denote the cokernel oft in the absolute case and C r the cokernel 
of t in the relative case. From diagram 5.2 we see that we have a homomorphism 
O p —• О д 
and that the kernel and cokernel of this homomorphism are isomorphic to the 
kernel and cokernel of the map 
K 2 ( O s , c ; c ) / n ^ K 2 ( 0 5 i t ) / n . 
5.1.6 L e m m a . The map К2(Оз,(;і)/п —• K2(Os,t)/n is surjeciive. 
Proof. From [5, 5.1] it follows that K2(05,
c
/c) is finite and K2(Os,c/c)/n = 0. 
From exact sequence 
К 2 ( 0 5 і , ; с ) • K2(0St() • Ka(Os,,/c) 
it now follows that K2(<9s,c;c)/n —• K2(Os,i)/n is surjective. · 
5.1.7 R e m a r k . Notice that the same argument as in the lemma gives: 
K2(0s;c)/n —• Ki(Os)/n is surjective. 
Now we will investigate the kernel of K2(Os,(,c)/n —» K2(05,e)/n. We will 
assume that η = p e for some prime number ρ and some positive integer e and 
that с = ρ is a finite prime of F. 
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5.1.8 Proposition. Ifvp{N(f) - 1) = e, tuAere ЛГ(р) = #{Ps/v), then 
K 3 (Os, p ;p)/n^K 2 (0 S i p)/n 
ani 
Ka(05;p)/n^K 2 (Os)/n 
art isomorphisms. 
Proof. Since vp(N(p) — 1) = e, Os contains a primitive (f>e)th root of unity 
and p and ρ are relatively prime, the map Os —* Os/p is split surjective on 
(0s)(p) — ((0s/p)*)(p). U 8 i n 8 P. 3 · 2 ] w e " β t h a t t h e m a P кз(Оз)(р) — 
K3(Os/p)(p) is split surjective. From the exact sequence 
K3(Os) Кз(0 5 /р) K2(O s;p) K2(Os) K2(Os/p) 
and the fact that K2(Os/p) = 0 it now follows that K2(Os;p)/n — K2(Os)/n 
is an isomorphism. The same argument holds for K2(0s,p;p)/n —• K2(Os,p)/'». 
The proposition now follows. · 
Now we will study the kernel of K2(Os,p\ p)/n —• K2(Os,p)/n via an attempt to 
fìnd a splitting homomorphism for this map. This is based on an idea of Stein 
in [25]. We will do this in the next section. 
5.2 Splitting the map Κ2(Κ;τη)/η —+· K2{R)/n 
5.2.1 Let R be a local domain and m С Л the maximal ideal of R such that 
1. R/m is finite, say # ( Д / т ) = q. 
2. R* contains an element ζ of order n(= pe) such that the order of С € 
(R/m)* is also n. 
We will try to split the map К2(Я; m)/n —• К2(Д)/ТІ. In general we will not be 
able to do so, but the failure will give us a nice description of the kernel of this 
map. 
(R/m)* is a cyclic group and since R is local the map R* —• (R/m)* is 
surjective. Let u e R* such that ϋ G (R/m)* generates (R/m)*. 
5.2.2 Notation. By F( Д; m) we will denote the free abelian group with gener­
ators [a, 6] for (a, 6) 6 ( Д х т ) и ( т х Д ) . Notice that for (a, 6) G ( Д х т ) и ( т х Д ) 
we have 1 — ab G Я*. 
By 8(Д; m) we will denote the subgroup of F( Д; m) generated by the elements 
of the form 
• МНб.о]. 
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• [о.бЦа.сКа.б+с-абс]-1. 
• [a.ôcHao.cj-V,*]-1· 
Then we have an isomorphism 
F(R; m)/S(fi; m) — 0(Д; m) 
defined by [a,6] >-*• (a,6), where D(R\m) is as in 1.5.21. 
By F'(ß) we will denote the free abelian group with generators (a, 6) for 
(a, 6) 6 Я x Я such that аб φ 0, α|(1 - b) and 6|(1 - а). 
By S'(R) we will denote the subgroup of F'(A) generated by the elements of 
the form 
• (a,b)(b,a). 
• (МХа.сХа.бс)-'. 
• (а, 1 - а)· 
Then we have an isomorphism 
r(R)/S'(R) - C'(R) 
defined by (a, 6) >-* {a, 6}, where C'(R) is as in 1.5.16. 
5.2.3 Remark. Notice that by 1.5.24 we have a commuting diagram 
0(Я; m)/n - ^ C'(R)/n 
K2(R;m)/n — - К2(Я)/п 
where V ie induced by the map φ in 1.5.24. 
5.2.4 Now consider the commuting diagram 
F(R-m) a > F'(R) 
β Ί 
• 
0 ( Я ; т ) / п - ^ C\R)ln 
where α is defined by 
π m / 1 if o = 0; 
a M ) = i (β,Ι-аб) i f a^O. 
Since Я/т is finite we see from diagram 5.4 and the exact sequence 
(5.4) 
(5.5) 
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Ка(Я;пі) — * K3(R) K3(R/m) 
that ψ is surjective. Now we will define a homomorphism 
¿:F ' (Ä)->D(Ä;m)/n 
such that φα = β and ірф = y. An easy diagram chase in 5.5 then shows that 
Φ(β'{Κ)) is equal to the kernel of φ. Notice that if Ф(5'(Н)) = 0 we can split 
the map φ and that φ is even an isomorphism. 
5.2.5 Definition. Since φ is surjective we can choose Τ € 0(Я; m)/n such 
that ф(Т) = {ti, u}. For α G R \ m we can write a = «* + m for some ifc G Ζ 
and m € т . Неге к is uniquely determined by a except for a multiple of q — 1. 
Notice that for o,6 6 R such that αο φ 0, a |(l - 6) and 6|(1 — o) we have for 
α 6 m that b G 1 + m and for 6 e m that α G 1 + т . Now define φ as follows 
f (a,¿=*) if α Gm; 
ф((а,Ъ))=1 ( i - , f c ) if 6 G m; (5-6) 
[ (*) if α, 6 g m, 
where 
if α = u* + mi and 6 = u' + m^. 
Now we must show that φ is well defined by 5.6. In order to do this we need 
the following lemmas. 
5.2.6 L e m m a . If a,b G R \ m, α = u* + mi and b = u' + т г , then 
Proof. We have in D(fi; m) 
(α =!ΡΆ\ D- (uk - у Л / •miU.'0 =^\ 
^ /..* -"»a \ /-•* mima \ / miu'a -mj \ 
and 
/-mi fc\ €7 /^mi. ,.l\ /zJOi. m,ukb \ 
^ І ' / ^ Д і
 t.'\ /mimi „/\/^mi m^u t^ \ 
so we have to prove that 
/,,* miroa\ / miu'a - т э \ _ (m,mi l\ I -m\ тзи*> \ 
\ u ' u*o» / Xu'o+u'mj > u'o / — \ u'oi ' u / χΊΤΤ' u'ò-fti'mi / · 
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Notice that u'o + u ' m j = oò — mima = ukb + и1 mi. Now 
/ miu'a —mi \ / —mi тзи*> \ _ / miu'g —ma \ / miu*b -mi \ 
\ o>—mimj * u'o / \ u , ,4 ' ob—mimj / \o6—mima ' u'o / \ об—m1mj ' o*b / 
Ç? /
 T<i*-Hat m, m, \ 
\ о 6 - т і т з > u*+O4/ 
and 
/ « * + ' "ЗіТ1^ \ / -u'" f'a> "».та \ ^ 2 ' /n mima \ 
= 1. 
The lemma now follows. · 
5.2.7 Lemma. If a € Д*, <Aen (a,±^\ = 1 in В(Л;т)/п. 
Proof. There is ζ' e Л* such that С'" = 1 and u(»- ,)/n = ζ' (mod m). Then 
in Б(Я; m) 
and the lemma follows. · 
5.2.8 Lemma. If a e Я* and m G m, then (a, ^ ) = /a, го+^-'гЛ in 
0(Л;т)/п. 
Proof. In 0(Д; m) we have 
Now use the preceding lemma. · 
5.2.9 Proposition, φ is well defined (for a fixed T). 
Proof. If o,6 € Л \ m, а = u* + mi = u*+(»-1) + mi and 6 = u' + т
г
 = 
„'+(»-!) +
 m
' 2 ) then 
y í t + í í - l ) ) / / - '"Ί.
 и
/ \ /
а
 =фі) 
1
 \u , , +(«- , )+i >u / \a> ^ПГ/ 
= T ( ^ ( « - » ) V ( " - - , : j - V t - | , » » ' ) ( a , ^ > 
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= r " ( = g y ^ , i . ' ) < o , ^ ) 
since n\(q — 1) and by 5.2.8. We see that ф((а, 6)) is independent of the choice 
o f t . 
Using T ' V , ï&) (=ifî, b) instead of Γ * ' ( ^ , ti') (о, ^ ) (see 5.2.6) we 
see in the same way that ф((а, 6)) is independent of the choice of /. · 
5.2.10 Proposition, φα = β and φφ = у. 
Proof. Let (α, b) € (Я х m) U (m χ R). If α = 0, then фа([а, 6]) = 1 = (α,ο) = 
0([α,&]). If α € m \ {0}, then <0α(Μ]) = (α.*) = /?([».*])• If α € Я \ m, say 
α = u* + mi, then since 1 — ab = u 0 + (—α6) 
*а([а,о]) = ^((а, 1 - аЬ)) 
= <а,6> 
= /?([а,6]). 
Let (а, 6) G R х R such that аб φ 0, а|(1 - 6) and 6|(1 - α). If а € m, then 
фф((а,Ь)) = {а,6} = 7((а,*))· If Ь € m and а = 1, then ^ ( ( а , 6 ) ) = 1 = 
{ Щ =
 Т
((о, 6)). If 6 € m and а / 1, then ^ ( ( а , b)) = {-^,α} ' ^J^b) = 
γ((α,6)). If о, 6 ¿ m, say а = u* + mi and 6 = и' + т г , then 
• mi / 0: 
W((a,*)) = {«, « } " { ? ^ . 1 + «~*"4}{α, 1 + Ц - ' т 2 } 
^
1 8
 {и,и}к,{1 + и-кт1,и,}{а,1 + и-,т2} 
= { і ^ У Н і + ц - * т і , ц'}{а, 1 + ц - ' т г } 
= {а,ц'}{а, Ц - ц - ' т г } 
= К*} 
= 7(М))· 
• mi = 0: 
^ ( ( а , 6 ) ) = { t i . t iP ' ta . l + u 1 1 ^ 
= {ик,и1}{а, 1 + ц~'т2} 
= {а,6} 
= Τ«" , 6)). 
This proves the proposition. · 
5.2.11 Now we will be more specific about the choice of T. We must have that 
ф(Т)={и,и}. 
In C'(R) we have {u,ti} = {u,-«}{«,-!} = {u,- l } so {u.u} 2 = 1. We 
will distinguish several cases: 
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1. ρ odd: 
Since {ti, ti}" = 1 and {υ, u} 2 = 1 it follows that {u, u} = 1 and so we can 
choose 
Γ = 1 . 
2. ρ = 2: 
Since pe\(q — 1) we now have that q is odd. 
(a) 9 = 1 (mod 4): 
Since (q +1)/2 is odd we have 1 = {u, - І І } ( » + 1 > / 3 = {ti, -ti(«+1>/2} = 
{ti, -t i( î-1)/2}{u, u}. Now «(«"О/а = _ i (
m o
d
 m
) and 
so we can choose 
Τ - (и ' + » ( , ~ ' ) / а \ 
Notice that (ti, L t ü í ^ í ^ = (η,±ψ±) = 1 by 5.2.7. 
(b) q = 3 (mod 4): 
Choose odd positive integers it and / such that 1 — ti* = u' (mod m) 
(see [19, proof of 9.9]). 
If ti* + ti' - 1 φ 0 then in C'(R) 
= Ж 
= {u,«}, 
since {ti, u}2 = 1. 
Ifti '+u'-lrrOtheninC'if i) 
1 = {!,,,*} 
= { i-tAu'HtAu'} 
= {u,u}, 
since {ti, ti}2 = 1. 
Since {q — l)/2 is odd we have {u, іі}(* - 1)/2 = {u, «} and so we can 
choose in both cases 
T = < ^ , U « > " -
1 , , !
. 
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Notice that ^ » ϊ ΰ ^ = 1
ι Ι Ι
* ) ( , ' 1 ) / 1 ^ = ( ! i ί i ^ F i ) U * ) , " 1 = 1 since 
n | ( « - l ) . 
To find generators for the kernel of φ we now only have to compute the image 
of the generators of S'(R) under φ. 
5.2.12 Proposition. If(atb) e R x R such that ab φ 0, α |(1-6) onrf6|(l-o), 
thtn 
^ ( ( α 1 6 ) ( ο ) α ) ) = 1 . 
Proof. If α € m, then 
*((e,ò)(b,a)) = {o | i= i>( l=i 1 a> = l. 
If 6 € m, then 
^ ( ( a , 6 ) ( 6 , a ) ) = ( i ^ , ò ) ( 6 > ^ ) = l. 
If α, 6 ¿ m, say α = и* + тті! and 6 = и' + mj, then 
¿((ΜΧδ,α)) = T t ' ( ^ , « ' > ( a . ^ l ) T t ' ( « ' - ^ > ( ^ 1 . a > 
= 1, 
since T 2 = 1. · 
5.2.13 Proposition. Ifa,b,ceR such that abc φ 0, 6c|(l - ο), α|(1 - 6) and 
α|(1 - с), <Aen 
^((a,6)(a 1 c)(a,oc)- 1 )=l. 
Proof. If α € m, then 
¿((а.бХа.сХа.бс)-1) = (α, і ^ ) (α, 1=ί> (α, і ^ ) " 1 
If о ^ m and b,c£m, then 
ф((а,Ь)(а,с)(
а
,ЬсГ
1) = № , * ) ( ^ . c ) ( ^ . Ь с ) " 1 
If а, 6 £ m and с G m, then α G 1 + m and so if 6 = и' + тг, then 
ф«
а
,Ь)(°,с)(а,Ьс)-1) = ¿ ( (д.оИ^.сХ^.ос )- 1 
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= 1. 
If α, с £ m and 6 € m, then a e 1 + m and so if с = u' + тг, then 
¿((а.&Ха.сХа.бс)-1) = ¿ ( ( a , c ) ) ( l ^ , ¿ ) (iff,bc) 
= ¿(MX^.c)-1 
-ι 
= 1. 
If а,6,с £ m, eay а = u* + mi, 6 = u' + mj and с = u m + т з . Then 6с = 
ці+п» ^.
 m 4 t where m^ = ti
ro
m2 + и'тпз + т г т з . We get 
Фаа,Ь)(а,с)(а,Ьс)-1) = Γ " ( ^ , ι ι ' ) ( а , ^ ) 
DJ 1. 
This proves the proposition. « 
For the next proposition we need the following lemma. 
5.2.14 Lemma. If a,be R\m such that a + 6 - 1 € m, then 
Proof. 
= ι. 
« 
5.2.15 Proposition. If a G Я\ {0,1}, then 
1. ifa£m then ф((а, 1 - а)) = 1. 
2. ifael + m then ф((а, 1 - а)) = 1. 
S. if a = и* + m and a ^ 1 (mod m) then ф((а, 1 - а)) = ф((ик, 1 - и1)). 
Proof. 
1. For а 6 m we have ^((а, 1 - а)) = (а, 1) = 1. 
2. For α G 1 + m we have ¿((а, 1 - а)) = (1,1 - а) = 1. 
ПО 
3. For α = и* + τηχ, say 1 - α = u' + шг- Then 1 - ti* = u' + ma, where 
т з = mi + mj. We have 
^ ( ( a 1 l - a ) ) = r t ' ( ^ > u ' > ( a I ^ > 
and 
^ ( ( U * I l - t i i ) ) = r * ' ( u * , ^ i > . 
Now 
5
·
2
=
14
 ШУУ
1 
This proves the proposition. · 
5.2.16 Definition. For Jb G Z, such that (q — 1) \ k, we define 
[к} = ф((ик,1-ик)). 
Notice that then [lb] = [k+(q- 1)]. 
5.2.17 Corollary. The kernel of φ is generated by the elements [k] for к £ 
{1 Î - 2 } . 
Proof. The kernel of φ is equal to ф(8'(Н)). The corollary now follows from 
5.2.12, 5.2.13 and 5.2.15. · 
5.2.18 Proposition. If к el such that (q - 1) ] к and n\k, then [k] = 1. 
Proof. Let / be such that 1 - u* = u' (mod m). Then 
[*] = г"(«*,*ЭД=*) 
Hi' т»(«,*№і)к 
= 1, 
since η|lb. 
5.2.19 Proposition. If к € Ζ and 1 - u* = u' (mod m), then [k] = [ί\~ι. 
Proof. 
[k\ = T»(ub,*WF±) 
and 
[l] = Tt,(u>,^^). 
The proposition now follows from 5.2.14 and the fact that T2 = 1. 
I l l 
5.2.20 Proposition. If к € Ζ s«cA that (g - 1) \ к then [к] = [-*] " 1 . 
Proof. Say 1 - u* = u' (mod m). Then 1 - «"* = - u - * ( l - uk) = - u ' " * 
(mod m). If q is even, then —u' - * = u'~* (mod m) and if q is odd, then 
- « ' - * =
 u
' - t+( i- i )/2 (mod
 m
) . Let 
_ ƒ 0 if q is 
- \ (q-l)/2 i f , is 
even; 
odd. 
We get 
and 
D6
 77_ fc(,_ t+r)/ I - U - * - U I - H T \ * 
-
 J
 \«. u(l-y-^ / 
So 
МНЧ = r
t
' (u ,H^^)V-*( ' -^(
u
/- U u - ;- : ^) t 
02 ^ ( f c - r j ^ l i ü l ^ 
We now distinguish several cases. 
• ρ odd: 
— q odd: 
Then Γ = 1 and г = (q - l)/2 so 
T * * * - " ^ « , 1 ^ ) * = /
Ц | И-и^-о/Л* 
Since ( « . ' f ^ - " 7 ' ) ?? (u,^^) 5 = 7 1, ( u , ^ " ' : - 1 ^ ) " = 1 
and π is odd, it follows that (u, l^u * " '—> = 1. 
- q even: 
Then Τ = 1 and г = 0 and so 
TW-')(u,i*F)k = (u,2/u)k. 
Since (u,2/ti) = (u.O) = 1, (u,2/u)n = 1 and η is odd, it follows 
that (u,2/ti) = 1. 
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P = 2 : 
— q = 1 (mod 4): 
Then Τ = ( « , Ч · » ' ; ' 0 " ) and г = (q - 1)/2 во 
Since Τ 2 = 1 and к or Jb - (g - 3)/2 is even, Γ*(*-(»-3)/2> = 1. 
- q = 3 (mod 4): 
Then г = (ç - l ) /2 and since T2 = 1 and fc or lb — г is even we have 
By 5.2.16 we have [-(q - l)/2] = [(q - l)/2]. Let m such that 
1 _
 u
(«-i)/2 =
 u
m (
m o d m ) T h e n 
(
υ
,ι±*ψ»ι) (ϊ-1)/2 = [ ( î - i ) / 2 ] [ - (g - i ) / 2 ] 
= [ (9- l ) /2l ! 
= гс-
1
^^«-
1)/'."^^"--1) 
= 1, 
î - 1 
since n | ( g - 1). Also ( u , ' f ^ " " 7 ' ) =8 ( « , 1 ^ ! ) = 1 by 5.2.7. 
Since ( Î - l ) /2 is odd it follows that (u, i±a!lll»l\ = χ. 
This proves the proposition. · 
5.2.21 Example, ρ = 2, e = 1, g = 13 and и = 2. 
We produce a table containing pairs (k,l) such that 1 — u* = u' (mod m) for 
* € { ! , · . . , ϊ - 2 } . 
к 
ι 
1 
6 
2 
10 
3 
5 
4 
7 
5 
3 
6 
1 
7 
4 
8 
9 
9 
8 
10 
2 
11 
И 
By 5.2.20 and 5.2.16 we only have to consider Jb G {1 6}. By 5.2.19 and 
5.2.18 we have [k] = 1 if 2\k or 2|/. We now only have to consider Jfc = 3 and 
fc = 5. By 5.2.19 we have [3] = [5] _ 1 so we only have to consider к = 3. But 
[3] = [—3]-1 = [9] - 1 = [8] = 1. We see that φ is injective in this case, and so φ 
is an isomorphism. 
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5.2.22 Proposition. If ρ = 2, e = 1 ant/ q = 1 (mod 4) іЛеп V> is an 
tsomorphum. 
Proof. For jfc G { 1 , . . . , ? - 2} let / such that 1 - u* = u' (mod m). If 2\k 
or 2|/ then by 5.2.19 and 5.2.18 we have [k] = 1. If both к and / are odd then 
1 - « " * = «"*(«* - 1) = - и ' - * = u '-*^»- 1 )/ 2 . Since l-k + (q- l)/2 is even 
we have by 5.2.20, 5.2.19 and 5.2 18 that [*] = ! . · 
5.2.23 Remark. Notice that for ρ = 2, e = 1 and 9 = 3 (mod 4) we already 
have that φ is an isomorphism by diagram 5.4 and the same argument as in 
5.1.8. 
5.2.24 Example. p = 3, e = l , ç = 19 and u = 14. 
The table of pairs (к, I) now looks like 
к 
I 
1 
2 
2 
1 
3 
15 
4 
7 
5 
5 
6 
11 
7 
4 
8 
16 
9 
13 
к 
I 
10 
17 
11 
6 
12 
14 
13 
9 
14 
12 
15 
3 
16 
8 
17 
10 
By 5 2 20 and 5 2 16 we only have to consider Jb £ {1, ,9} By 5.2 19 and 
5.2.18 we have [k] = 1 if 3|ifc or 3|/ We now only have to consider к = 1,2,4,5,7 
and 8. Since [7] = [4] - 1 and [2] = [ I ] - 1 we only have to consider ifc = 1,4,5 
and 8. Since [4] = [-4]- 1 = [ H ] " 1 = [12] = 1, [5] = [ -δ]" 1 = [ ІЗ]" 1 = [9] = 1 
and [8] = [-8]- 1 = [ΙΟ]"1 = [17] = [-17]-1 = [ l ] " 1 we only have to consider 
Jb = 1. Now [1] = (ц, ""^ці" 1) so if we can choose u such that u 2 + u — 1 = 0 
then [1] = (u, 0) = 1 and φ is an isomorphism 
5.3 Applications 
In this section F will be a number field containing a primitive n t h root of unity 
and S the set containing the infinite primes of F and the primes dividing n. Let 
p be a prime ideal of О s • 
First we take η = 2. 
5.3.1 Propos i t ion. IfN(p) = 1 (mod 4) ana OJ -• (Os/p)'/? ts snrjecttve, 
then K2(Os,p)/2 -* K2(Os)/2 ts an tsomorphtsm. 
Proof. Os,p is a local ring and ρ is its maximal ideal. Since <9s,p/p — Os/P it 
follows from 5.2.22 that φ is an isomorphism and so ^ ( O j . p , p)/2 —• K2(Os,p)/2 
is an isomorphism. From the isomorphisms 
Fp/F* - (Os.p/P)* 
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and 
(<35/ρ)·-(θ5.ρ/ρ)·, 
and the fact that 0'
s
 -> {Os/py/2 is surjective, it follows that 0'
s
 -• (Fp/F*)/2 
is surjective and so we get from 5.1.4 an isomorphism 
μι ® Cep(Os) — /ia ® ûf(Os)· 
The proposition now follows from diagram 5.2. · 
5.3.2 Corollary. If N(p) = 1 (mod 4), the map O} -* (Os/py/2 is surjec-
tive and p + mOp = OF, where m is the number of roots of unity in Op, then 
K J ( O F ; P ) / 2 —• K2(OF)/2 is an isomorphism. 
Proof. From exact sequences 4.14 and 1.10 we get the commuting diagrams 
0 -KaiOfîp) •Ka(OF,p;p) Θ *,' - 0 
щ l i a i t « 
4*Ψ 
0 . K2(Os;p) Κ2(θ5,ρ;ρ) • φ * ; • 0 
qfp 
and 
о —-к
а
(Ог) — • K3(F) — - e it; — - о 
= 
q fini te 
о — • κ 2(σ 5) — - M F ) — - 0 к; — • о 
Hts 
and so we get exact sequences 
0 K 2 ( O F ; P ) • K 2(05;p) • 0 * ; 0 
q|2 
and 
о — • K 2 ( O F ) — - K 2 ( O S ) — • φ * ; — - o. 
q|2 
We get a commuting diagram 
К 2 ( 0 , . ; р ) / 2 - ^ * K2(O s;p)/2 
K2(OF)/2 ^ ^ ~ K2(C75)/2 
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and the corollary follows from the preceding proposition. · 
5.3.3 Example. F = Q, ρ = (5). 
Since (Z/(5))* is generated by 5 we see from 5.3.2 that K2(Z; (5))/2 — Κ2(Ζ)/2 
is an isomorphism. 
If F is a number field not containing a primitive 5 t h root of unity and p 
is a prime of F dividing (5) such that N(p) = 5 then we have an isomorphism 
1/(5) ^* OF ¡Ρ and so (Op/p)* is generated by 2. Again we have an isomorphism 
К3(Ог;р)/2^К2(Ор)/2. 
If we take for example F = Q(\/85) we have an isomorphism 
K2(OF;(5,V85))/2^K2(OF)/2. 
In 2.4.21 we have computed the non-trivial element (3, -Цр-) € K 2 ( O F ) / 2 . 
At first sight it is not easy to lift this element to К2(0/-;(5,\/85))/2. But 
( 3 , ^ ) = i ( - l 9 [(3,1 + v/85)]) = i ( - l ® [(5, **&)]). Since 
•(-. 
(mod ( 5 , 5 ^ ) ) ; 
(mod (3,1 - yffi)), 
we have 
r 3 = i -i (mod ( 5 , ^ 5 ) ) ; 
Now (5, * ± ^ ) ( 3 , 1 - >/§5) = (Z*^) so 
£
 ^ - (mod ( 3 , 1 - \ / 8 5 ) ) . 
і (_1®[(5,»±^1)]) = {і±Ш,
е
*}* 
_ / 5 + ^ 8 5 2(1-с* 
and this element can be lifted to 
This element now is a non-trivial element in K2(Of,(J>, \/85))/2. 
Now we take η = 3. 
5.3.4 Proposition. If F contains ρ and \/5 but no primitive 19 t h root of unity, 
and p is α prime of F such that N(p) = 19, then Κ2(σ/·;ρ)/3 -• K2(CV)/3 is 
on isomorpAism. 
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Proof. Os,t is a local ring and ρ is its maximal ideal. Since Os,p/p — 05/P — 
Z/19, (Z/19)· is generated by Π and ( 1 4 - ^ | ^ ) ( 1 4 - =±^) = 11 · 19, 
it follows that (Os,p/P)* "» generated by =Ц& or ~ * ~ A Since "'f^8 are 
both zero's of X 2 + X - 1 it follows from example 5.2.24 that Ki(Os,p;p)/3 -* 
Ka(Os,p)/3 is an isomorphism. Since (Z/19)* is generated by 3 it follows that 
/i3®0s —• μ3®Ρρ/Ρ£ is surjective and so by 5.1.4 /i3®Cfp(CJs) -• H3®0t(Os) 
is an isomorphism. The proposition now follows from diagram 5.2 and the same 
argument as in 5.3.2. · 
5.3.5 Example. Take F = Q(/>, \/5). Since (19) splits completely in F we have 
for a prime ρ of F dividing (19) an isomorphism Κ2{Ορ', p)/3 —» K2(CV)/3. 
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Samenvatting 
Zoals de titel van dit proefschrift, "Over een afbeelding van KQ naar K?, abso­
lute en relatieve geval", aangeeft bestuderen we in dit proefschrift een speciale 
afbeelding tussen K-groepen. 
к F een getallenlichaam dat een primitieve n d e eenheidswortel bevat en 
Os С F een Dedekindring, dan hebben we een afbeelding 
i^
n
®a(Os)-+K2(Os)/n 
(zie b.v. [15]). Vanwege het isomorfisme Ko(Os) — Ζ Φ Ct(Os) kunnen we t 
ook opvatten als afbeelding van Ko(Os) naar ^ ( O s ) / " · Dit idee zullen we 
uitbreiden door het definiëren van een afbeelding 
п:/і
п
(Я)®Ко(Я)-+К 2(Я)/п 
voor een grotere klasse van ringen. Beperken we ons dan weer tot ringen van 
het type Os, dan krijgen we een nieuwe afbeelding 
h:ßn®a(Os)-*K2(Os)/n. 
Omdat de definities van i en Λ totaal verschillend zijn, lijkt het op het eerste 
gezicht dat we met twee verschillende afbeeldingen te doen hebben. We zullen 
echter bewijzen dat t en h gelijk zijn. 
Door gebruik te maken van de afbeelding t zullen we vervolgens een stelling 
bewijzen die een uitspraak doet over het voortbrengen van K2(Os)/n door 
Dennis-Stein symbolen. Enkele toepassingen en voorbeelden zijn toegevoegd. 
In situaties waar we, door een gebrek aan eenheden, de afbeelding i moeilijk 
kunnen gebruiken, komt de afbeelding h ons te hulp. Met behulp van h kunnen 
we ook in deze situaties elementen in ^ ( O s ) berekenen. 
Al het voorgaande was van toepassing op getallenlichamen F die een primi­
tieve n d e eenheidswortel bevatten. Als F hier niet aan voldoet, dan voegen we 
gewoon een primitieve n d e eenheidswortel aan F toe, en zijn we weer in de oude 
situatie. Omdat we dan echter ook een ander getallenlichaam hebben gekregen 
moeten we weer terug kunnen keren naar de oorspronkelijke situatie. Dit doen 
we met behulp van de transfer afbeelding. Dit alles leidt tot een afbeelding 
¿:/і
п
®кегЛГ — K2(Os)/n, 
waar TV de norm-afbeelding op de ideaalklassengroepen is. Deze afbeelding 
wordt verder bestudeerd en we geven een andere mooie beschrijving van deze 
afbeelding, zonder gebruik te maken van de transfer afbeelding. 
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Door gebruik te maken van de afbeelding j zullen we dan nog een stelling be­
wijzen die een uitspraak doet over het voortbrengen van K-i{Os)/n door Dennis-
Stein symbolen en weer zijn enkele toepassingen en voorbeelden toegevoegd. 
Door de tot dan verkregen resultaten te combineren zijn we in staat om voor 
veel getallenlichamen F aan te tonen dat K2(0/·) wordt voortgebracht door 
Dennis-Stein symbolen (hier is OF de ring van gehelen van F). Als toepassing 
ie een tabel met voortbrengers voor К2(Ор) voor een aantal kwadratische getal­
lenlichamen F toegevoegd. Soms kunnen we j , door een gebrek aan eenheden, 
moeilijk op de voorgaande manier gebruiken. In deze gevallen kunnen we echter 
de tweede beschrijving van j gebruiken en met behulp hiervan elementen in 
Kj(Os) berekenen. 
De volgende stap die we maken is een poging om het voorgaande uit te brei­
den naar relatieve K-groepen. Met behulp van de afbeelding h in het absolute 
geval definiëren we een afbeelding 
Л:/і
п
(Я)®Ко(Я;/)-К 2 (Я;/)/п 
voor een bepaalde klasse van ringen en idealen. Vervolgens definiëren we een 
afbeelding 
»':μη ® Ctt{Os) -» K2((?5; c)/n 
die veel lijkt op de afbeelding t in het absolute geval. Net als in het absolute 
geval bewijzen we dan dat beide afbeeldingen gelijk zijn. Tenslotte vergelijken 
we het absolute en het relatieve geval om zo К^Щ/п en K2(Ä; / ) /n te kunnen 
vergelijken. 
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